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In this research we developed implicit block methods which make used of the first and second
derivatives of the problems. The aim is to give a more accurate as well as faster numerical
results for solving first order ordinary differential equations. The methods are then used to
solve a set of first order initial value problems. Numerical results clearly show that the new
proposed methods performed better than other well-known existing methods in solving the set

of test problems.
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I. Introduction

Many researchers have focused on the block
method for solving first order ordinary differ-
ential equations (ODEs). Such as Majid et al.
(2003) developed two point implicit method for
solving a system of ODEs . Majid et al. (2006)
derived three point block method to solve first
order ODEs.Ibrahim et al. (2007) used block
backward diffference formula to solve first or-
der ODEs. This is by computing two or three
points simultaneously using z,_1 and =z, as
the back values of each block. Ibrahim et al.
(2008) developed the block method by adding a
fixed coefficients block backward differentiation
formules to solve first order ODEs. Ibrahim
et al. (2011) also considered the property of
convergence two point block backward differ-

entiation formulas. Mehrkanoon et al. (2012)
used the Gauss-seidel technique for the imple-
mentation of the three point 3-step block mul-
tistep method for solving system of first order
ODEs. However, all the work mentioned ear-
lier used onlythe first derivative of the problems
in the derivation of the methods. thus, work
on extra derivatives in the derivation of the
methods have been done by Sahi et al. (2012),
where they implemented Simpson’s types sec-
ond derivative block method for solving first
order ODEs. A four-step block generalized
Adam’s type second derivative method had
been modified by Kumleng and Sirisena (2014)
to solve first order ODEs. Akinfenwa et al.
(2015) used a family of continuous third deriva-
tive block methods derived from the collocation
and interpolation technique to solve first or-
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der ODEs. This paper considered initial value
problems (IVPs) for first-order ODEs in the

form:
(1)

The second derivative with respect to x gives

y = f(z,9),y(z0) = vo.

gzy) =y =f(x,y) = fo+ [ fy

In this work, a new two and three point
second derivative implicit block methods were
derived. The new methods are derived using
Hermite Interpolating Polynomial P, which
can be defined by :

n Mi—1
k
P(z) = FVLig(@), @)
i=0 k=0
where f; = f(x;),z; = a+ih,i=0,1,...,n and
h=1%% n is a positive integer. L;(x) is

the generalized Lagrange polynomial which can
be defined by

L%ml(l‘) €i7mi ($)7 = 07 17 y T,
k n
T — T T =T .
li(z) = ( X J 11 ()",
Cog=0g# Tt
1=0,1,...n,k=0,1,...,m;.
And recursively for k = m; —2,m; — 3, ..., 0.
m;—1
Lin(z) = lig(x) — > 09 (x:) Lio(x).
v=k+1

The purpose of including the derivatives in
the formula is that, more accurate numerical
results can be obtained. @ Some numerical
examples were given to show the effectiveness
of these new methods compared with the
existing methods.

II. Derivation of The New

Methods

In order to evaluate the approximate solution
in each block, the interval [a,b] is divided into

11

a series of blocks that each block contains k
points. The approximate solution at the point
Ty is used to start the ¢ th block while the ap-
proximate solution at the point z, is the last
point in the ¢ th block. Then, the evaluation
information at the last point in the i th block
will be restored as the approximate solution at
the point x, to start the (i + 1) th block and
the process continues for the next block.

/”l”—rl—‘
N N

Xn Xne3 Xnsd

el Mg

i th block (i+1) th block

Figure 1: 2-point block method.
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Figure 2: 3-point block method.
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A. Two - Point Second Derivative
Implicit Block Method

In two point block method, the interval [a,b]
contains two points for each block with the
step size 2h (refer to Figurel). The two values
of yp+1 and yp42 are calculated concurrently
in a block. For the evaluation of y,41 take
Tnty1 = Tp + h and integrating (1) over the
interval [z, Tp41] gives :

Tn+1 , Tn+1
/ y de = / f(z,y)dz,

) = ) + " ey (3)

Then, f(x,y) in (3) will be replaced by Her-
mite Interpolating Polynomial in (2) and define
p2(x) as follows,

T Tpyl T — Tpg2 \o 2
p2(x) = [( )7 =
Tp — Tpgl Tp — Tp42 Ty — Tp42
1 T — Tyl T — Tpy2 9o
H——))x—=
(xn - xn+1))( n)(xn —Tp+l Tp — $n+2) ]
T —x T — Tpyo T—T
+(( ) T i l(——)?
Tpn41 — Tn Tp — Tn+2 Tp42 — Tn
T—Tnp1l | 1 2 ))
Tn42 — Tn+l Tn42 — Tp+tl Tn42 — Tn
T—Tn 9, T—Tnptl
r — Tpt2 2
( n+ )(xn+2 — Tn Tn+42 — Tn+l )]f
T — Tnpt1 T — Tnpt2
+[(z = zn)( - )] go
Tn — Tn+l Tn — Tnpi2
T —x T — Tyt
+[(z — zny2)( “)? )]s
Tn42 — Tn Tn42 — Tn+l

(4)
Let x = x40+ s h and
T — Tnp42
=— 5
= )

12

Replace dx = h ds and change the limit of in-
tegration from -2 to -1 in (3) we obtain:

-1

Y(Ens1) = y(n) + / oZoo(s) + f1L1o(s)

2
+faLoo(s) + goLo,1(s) + g2L21(s)] h ds. (6)

where

1 1
Loo(s) = —1(53 + 82) — 5(53 + 252)(5 +1),

Lig(s) = s*(s+2)%,
1

s+ 22+ 1) - L2 9422

Ly (s) 5

Lio(s) = —% 2 (s+2) (s+1),

h
Ly i(s) = 1° (s +2)>%(s+1).
Evaluating the integral in (6) by using MAPLE
produces the first formula of the two-point im-
licit block method as follows,

h
Ynt1 = Yn + 5= [131fn + 128511 — 19 £ 12]

fo 240
B2

+%[239n + Tgn+2]- (7)

Now, integrating (1) over the interval

[, Tnt2] to obtain the approximate solutions
of yn1+2 we have

Tn+2 , Tn+42
/ y dr = / [z, y)dz,

Tn+42

Y(Ensz) = y(n) + / fy)dr.  (8)

Tn

Then, f(x,y) in (8) will be replaced by Her-
mite Interpolating Polynomial in (4). Also, by
replacing (5) letting dr = h ds and changing
the limit of integration from -2 to 0 in (8) we
obtain:

0

Y(Eniz) = y(n) + / oZoo(s) + f1L1o(s)

-2
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—|—f2L270(S) + goL(]’l(S) + 92L271(8)] h ds. (9)

Evaluating the integral in (9) by using MAPLE
produces the second formula of the two-point
Implicit block method as follows,

h
Yn+2 = Yn + T5[7f" + 16 fny1 + 7 fr2]

h2

+T5[9n - gn+2]' (10)

B. Three - Point Second Derivative
Implicit Block Method

In the three points block, the interval [a,b]
contains three points for each block with the
step size 3h (refer to Figure 2). The three
approximation values of y,11, ynto and ypnis
at the point 41, xpt2 and z,43 are calcu-
lated concurrently in a block. The derivations
of the three point block method are similar to
the previous derivations of the two point block
method.

Equation (1) will be integrated over the in-
terval [zy, Zp+1], [Tn,Zni2] and [, z443] to
obtian the approximate solutions of y,+1, Ynt2
and y,13, defined p3(z) as follows,

T — Tp42 L — Tn41
(m))]fs + ((z — xn)(m)

T — Tpi9 T — Tnpy3
( ot )2 g0 + (2 — o)
Lp — Tp42 Tp — Tp43
r—z T — Tyl T — Tpao
“)? = E))lgs.
Tn43 — Tn Tp+3 — Tnt+l  Tnt3 — T2

(11)

Then, Hermite Interpolating Polynomial
in (11) will interpolate f(z,y) and let
T = xpy3 + sh and s = T2 For each

evaluation of yny1, ynto and y,i3, we take
T+l Ty + hy, Tpio Tpy1 + R and
Tn43 = Tn42 + h respectively.

The first , second and third point can be writ-
ten as follows,

h
Yn+1 = Yn + [3463fn + 3537fn+1 - 783fn+2

6480

2

h
+263fn+3] + 7[97gn -

1 .
1080 7gn+3]

h
Ynt2 = Yn + ——[181fn, + 459 frnr1 + 189 fy 40

405
2

h
_19fn+3] + ﬁ[Sgn + 29n+3]-

h
Ynt+3 = Yn + %[39]% + 81 fnt1 + 81 fn42

T — Tp+1 T — Tnp+1 T — Tnp+3 \2
pg(x):(x - Ty — T Ty — T h?
n n+1 n n+1 n n+3 +39fn+3] + E[ggn _ 3gn+3]- (12)
-1 -1 -2
o)+ ) (o .
n = dntl n = Snt2 n— ¥nt3 III. Order Conditions And
() (L (B2 (T TS 2y Error Constant Of The
Tp —Tptl Tp — Tpg2 Tp — Tp43 New Methods
T—Tn o2, T — Tpt2 LT — Tp+3 2
T+l —Tn Tntl — Tnt2 Tn+l — Tnt3 This section presents a definition of the order
[ T—Tp 9, T—Tpil T — Tpys 2of the two anq thre.e po.int block methods that
Tngo — Tn’ Tpgs — Tntl Tpt2 — Tnts dve been derived in this paper.
- v— v — According to Fatunla (1991) and Lambert
+[( m)? ntl nt ) (1991), the local truncation error associated
T3 = &n Tnd3 T Tntbl s Indd T Ink2 G pormalized form of the new method can
_ 2 1 1 be defined as the linear difference operator
Tn+3 — ITn Tn4+3 — Tntl Tn43 — Tnt2 k k
T—In g T —ITnyl LIZ(z);h] =Y aiZ(x+jh)—>  hBiZ' (w+jh)
((z = zny3)( : :
Tn43 — Tn Tn+3 — Tn+l i=0 i=0

13
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k

= 3 Z"(x + jh). (13)
=0

Assuming that Z(x) is sufficiently differen-
tiable, (13) can be expanded as a Taylor series
expansion about the point x to obtain the ex-
pression L[Z(x); h] = CoZ(x)+C1hZ (x)+...+
CphpZP(x)+ ..., where the constant coefficients
Cp, p=0,1,... are given as follows:

k
Co = Z Oéj,
=0
k k
CH ::zz:jaﬁ _’zz:ﬁ%v
=0 =0

1< 1 &
Cp==> jPo; — > s
| J | J
P (p=1) i=0
1 k
o T p=28 ()
p " i=0

According to Henrici (1962), it can be
said that the new method has order p if
Co=C1=..=0Cp,=0,Cpy1 #0.

Therefore, Cpy1 is the error constant and
Cpr1hPT1ZP+H) (z,) is the principal local
truncation error at the point x,,.
The formulae of a new two point block method
is given by (7) and (10) and the formulae is
written into a matrix as follows:

oYy, = +hBFy, + h*yGy, (15)

where o, § and +y are the coefficients with the
m-vector Y,,, F,, and G,, be defind as,

-1 1 0 ] [131 128 —19
o= ,B=|240 210 20 ’
[—1 0 1 5 15 15

2 g T
15

Yn
Y = |Un+1
Yn+2
o — -1
07 11
131
o= [
15
23
Yo = [QAI’O
1
For p =0,
Forp=1,

7Fm:

fn

fn+1
fn+2_

2 2 0
Ci=> jaj—)» 8= {0] ;
i=0 i=0

For p =2,

1 2 2 2 0
Co= gy P =) b= 7= M :
=0 =0 =0

For p = 3,
2
1
03_§
T i=0
2
For p =4,
2
1
04*1
=0
1
(2)!
For p =5,
2
1
05*5

14
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—17

1 3 0 0 1080
_@ Z] Vi = |:0:| ’ v =10 and 3 1?2)§‘
=0 0 270
For p =6 For p=20
12 12 3 0
5
Co =573, WZM Co=) aj= |0,
i=0 i=0 i=0 0
2
1 4 % 0 For p=1,
>_dag = 8= 0],
0 j 0
Then, the 2-point implicit block method has '
_ —1
order p =5 and error constant Cs = [5,0]”. For p = 2
The formulae of a new three point block L3 3
me.thod ‘is given b¥ (12) and the formulae is (¢, = o Zj2aj — Zjﬂj — Zyj =10/,
written into a matrix from (15) as follows: "i=0 — ;
-1.1.0°0 Forp=3
a=|-101 0 |,
1 0 01 13 3 3
Cy= J° Bi=)_ i
3463 3537 783 263 3! ,z; z; ’ ; !
s | W T oy
= | 105 405 405 405 )
v W W W
30 30 30 30 For p = 4,
97 —17 3 3
e 0 0 o5 1 1
1080 1080 _ VIR 34
y=|m 00 &5 |- Ci= g2 'y (3)!235
3 0 0 ;g) 1=0 =0
0 0
3 0
Yn fn 9n BN Z — o
Yt | fam | 9n+1 (2)! '
Y = y Fn = G = . 1=0 0
Yn+2 fn+2 gn+2
yn+3 fn+3 gn+3 FOI' p — 5’
1 1<
S]] P o] Gegyre gyt
ag= |—1 , (1 = 0 , Qg = 1 , 3 = 0 s T i=0 1=0
-1 0 10 1 o 0
r3463 3537 1 —783 i By =
5= | W = | B | = | PR
0 = 05 5 = | 7205 3 = 205 ) =
L 80 80 80 For p = 6,
263 97 0
N | 0 B 138 ) 13 .
53_ @ y Y0 = @ y Y1 = 0 ’ Cﬁ:@zja]_wzjﬁj
80 40 0 " i=0 T =0

15

)

0

e}
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3 0 R -1
1 = = —_— p—
__— Zj4'7j = |o]|, p(R) det |:0 R—1 :| 0, R(R 1)
(4)! _
i=0 0 0, R=0,1,| R|< 1.
Forp =71, Three point implicit block method
3 3
1 1 . .
Cr==-SjTa;— — S48, The general form of (12) can be written in
7! ; 7 (6)! ; ’ the matrix form :
3 - 0 100 Yn+1 001 Yn—2
]. =
b ng,% s e 010 Yn+2 0 0 1 Yn—1
(5)! 4 9 0 0 01 Yn+3 0 01 Yn
=0 11200
Then, the 3-point implicit block method 2’3‘% % % % fo
_ P L G 1 fot
has order p = 6 and error constant TN 205 05 405 405
Cn 97 1 _9 T 39 81 8l 39 Jnt2
7 = (100800 53007 T7200) 80 80 80 80 frss
97 17 9
" b R P
IV. The Zero-Stability Of +h i 00w Gnio
w 0 0 3
The Methods 40 40 In+3

The first characteristic polynomial of the 3-
point implicit block method is given as follows,

p(R) = det [RA© — A] =,

In this section, the zero-stability of the 2-point
and 3-point implicit block method are dis-

cussed. where
Two point implicit block method 1 0 0
AO = 10 1 0 and AL =
The general form of (7) and (10) can be writ- 00 1
ten in the matrix form : 00 1
0 01
10 Ynt1| |0 1 Yn—1 001
0 1 Ynao| |0 1 Yn R 0 -1
p(R) = det 0 R -1 =
131 128 —19 In 0 0 R—-1
+h[2%° gt ] Fa+1 0, R*(R—1)=0, R=0,0,1,| R|<1
15 15 15

fn+2
23 - n According to Fatunla (1991), the two point
12 [24110 0 2p ] Gt and three point implicit block methods are
i 0 zero-stable, since the first characteristic poly-
nomial p(R) = 0 satisfy | R; [< 1,5 =0, ..., k.
Also, the two point and three point implicit
block methods are consistent as they have
order p greater than one. Following Henrici

15 15

9n+2

The first characteristic polynomial of the 2-
point implicit block method is given as follows,
p(R) = det [RA®) — AM] =0,

where (1962), we can say that the two point and
1 0 1 three point block methods are convergence
AO) = [() 1 ] and A = [0 1 ] because they are zero-stable and consistent.

16
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V. Implementation will be approximated by using the predictor-
corrector equations.
This section focuses on the explanation

of the implementation of the two and three The predictor equations:

point implicit second derivative block methods. Define (16) as the predictor equations and let
m=1,2,3.

Two point implicit second derivative The corrector equations:

block method

The values of y,y1 and y,.2 in (7) and (10) h .

will be approxim;ted by u;ring t}(le)predic(tor? Int1 = +@[3463f +3537fp 783f5+2+

corrector equations.

The predictor equations: h?
p d 2631%.) + 10519795 — 179 a)
Ynim =Un+mh f, m=12, (16) ,
¢ 181 <4459 P, 4+189 fF 19
£+m = f(xn—i-mv yg—‘rm)? yn+2 405[ fn fn+1 fn+2 fn+3]
P ot P 2
In+ = ["(Zntm, ¥ + ). h
n+m n+m +ﬁ[89n + 29£+3]-

The corrector equations: . . h . » » »
Ynt+s = yn-l—%[39fn+81fn+1+81fn+2+39fn+3]

h
Vo1 = S+ o (1315 + 1287, — 19f7 )]

240 2 .
h2 10 —~[39n — 39543].
12345, + 795 )
240 " 2 And the next corrector equations will be taken
h follows:
Uiz = Un T A6, + 70, B0
h2 Ypi1 = ——[3463 f,,+3537 fr 1 =783 fr 1o +263 f; 5]
And the next corrector equations will be taken 2 . .
as follows: + 1080 9797, — 179515

h
c _ e c c c h
Yn+1 = Yo + 240 (1315 + 128 i1 = 19 i4] Ynio = yfﬁ@[181fﬁ+459f5+1+189fﬁ+2—19f5+3]

2

235 + 7 h2
240[ 9+ Tn-2]- +138 = 895 + 297 5]
Ynt2 = Yn + *[7fc + 16 f5 11 + Tfrto] h
" " 15; " " " Y g = +35 —[39 /5481 5 1 +81f5 o +39fr 5]
h
n+m — f(:UTLerv yn+m)a
gqc1+m = f/($n+ma y7cz+m)7 m = 17 2 frCH»m = f($n+m7 yrcH»m)?

. . . L [ A ye m=1,2,3.
Three point implicit second derivative nm (@ntm: Ynm): T

block method
The values of ypt1, Ynto and yni3 in (12)

17
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VI. Numerical Experiments

In this section, based on the new methods we
developed C codes for solving first - order
ordinary differential equation problems and
compared the numerical results when the same
set of problems are solved by using the existing
methods .

Problem 1:
/ 2 1
y=y-2"+1 y0) =35 [05]
1
Exact solution :y(z) = (14 z)? — 563”.
Source Yaacob and Sanugi (1995).
Problem 2:
y =zy®—y, y(0)=1, [0,10].
2
Ezxact solution :y(x) = .
V2 4 4z + 2e3*
Source: Famurewa et al. (2011).
Problem 3:
yll = Y3, yl(o) = ]-7 [0777]'
yé = Ya, 92(0) = 1)
y3 = —¢ "y2, y3(0) = 0,
vy = 2e"y3,  y4(0) = 1.

Exact solution :y;(x) = cos(x),
ya2(z) = €*cos(x),
ys(z) = —sin(z),

ya(z) = e*cos(x) — e*sin(x).

Source : Abdul Majid et al. (2012).
Problem 4:

yi = —Bii +yi, i =1,2,3.4, 9:(0) = ~1, [0,20)

with 61 = 0.2, 52 = 0.2, ,33 = 0.3, 54 =0.4.

| B
zact solution :y;(x) 1+ ¢ebiz’
C; = —(1 + ﬁz)

Source : Johnson and Barney (1976).

18

No

tations used are as follows.
h: step size.
Time: seconds.
Max Error: maximum error |y(x;) — y;|.

New 2P: The new 2-point implicit second
derivative block method derived in this pa-

per.

New 3P: The new 3-point implicit second
derivative block method derived in this pa-

per.

method 2A: 2-point Implicit third deriva-
tive block method proposed by Akinfenwa
et al. (2015).

method 3A: 3-point Implicit third deriva-
tive block method proposed by Akinfenwa
et al. (2015).

method 2M : 2-point implicit block one-
step method half Gauss-Seidel proposed
by Majid et al. (2003).

method S : A simpson’s-type second
derivative block method proposed by Sahi
et al. (2012).

Table 1: Numerical Results of the New 2P, 2A
and Majid Methods for solving Problem 1.

h Methods MAXE Time

New 2P | 3.097580(-7) | 0.008

0.1 2A 9.075473(-6) | 0.009
Majid | 1.028331(-3) | 0.007

New 2P | 3.096409(-9) | 0.027

0.05 2A 2.336125(-7) | 0.033
Majid | 4.335581(-5) | 0.026

0.025 2A 6.980545(-9) | 0.074

New 2P | 4.814321(-11) | 0.072

Majid | 2.708640(-6) | 0.070

0

New 2P | 6.593552(-13) | 0.117
0125 |  2A | 5.621164(-10) | 0.119
Majid | 6.505416(-7) | 0.115
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Table 2: Numerical Results of the New 2P, 2A Table 4: Numerical Results of the New 2P, 2A

and Majid Methods for solving Problem 2. and Majid Methods for solving Problem 4.
h Methods MAXE Time h Methods MAXE Time
New 2P | 8.068236(-7) | 0.036 New 2P | 1.085710(-5) | 0.062

0.1 2A 2.407103(-5) | 0.038 0.1 2A 3.864142(-4) | 0.063
Majid 5.322828(-5) | 0.035 Majid | 4.230879(-4) | 0.060

New 2P | 1.852646(-8) | 0.079 New 2P | 7.773816(-7) | 0.171

0.05 2A 6.901808(-6) | 0.081 0.05 2A 3.396333(-5) | 0.173
Majid 4.287203(-6) | 0.078 Majid | 3.499478(-5) | 0.169

New 2P | 3.577403(-10) | 0.130 New 2P | 3.393665(-8) | 0.296

0.025 2A 1.925143(-6) | 0.132 0.025 2A 3.873437(-6) | 0.298
Majid 3.081526(-7) | 0.128 Majid | 2.530419(-6) | 0.294

New 2P | 6.248941(-12) | 0.155 New 2P | 1.239543(-9) | 0.483

0.0125 2A 5.110584(-7) | 0.158 0.0125 2A 4.865963(-7) | 0.485
Majid 2.073222(-8) | 0.154 Majid | 1.703761(-7) | 0.481

Table 3: Numerical Results of the New 2P, 2A myp10 5. Numerical Results of the New 3P, 3A

and Majid Methods for solving Problem 3. and Sahi Methods for solving Problem 1.
h Methods MAXE Time h Methods MAXE Time
New 2P | 4.803249(-6) | 0.046 New 3P | 8.462243(-8) | 0.007
0.1 27 6.021320(-6) | 0.047 0.1 3A 2.311753(-6) | 0.007
Majid | 7.434949(-5) | 0.045 Sahi | 1.605447(-6) | 0.010
New 2P | 1.380934(-7) | 0.094 New 3P | 1.309864(-9) | 0.025
0.05 2A 9.966465(-7) | 0.096 0.05 3A 5.083822(-8) | 0.026
Majid | 4.751417(6) | 0.093 Sahi | 2.476227(-8) | 0.034
New 2P | 4.138981(-9) | 0.141 New 3P | 2.071335(-11) | 0.065
0.025 27 8.262003(-8) | 0.143 0.025 3A 2.913834(-9) | 0.069
Majid | 3.003513(-7) | 0.140 Sahi | 3.812920(-10) | 0.075
New 2P | 1.266727(-10) | 0.175 New 3P | 2.957443(-12) | 0.098
0.0125 2A 5.800818(-9) | 0.177 0.0125 3A 2.473823(-11) | 0.114
Majid | 1.887970(-8) | 0.174 Sahi | 1.740532(-11) | 0.122

19
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Table 6: Numerical Results of the New 3P, 3A Table 8: Numerical Results of the New 3P, 3A

and Sahi Methods for solving Problem 2. and Sahi Methods for solving Problem 4.
h Methods MAXE Time h Methods MAXE Time
New 3P | 1.368469(-7) | 0.032 New 3P | 5.100885(-6) | 0.046
0.1 3A 1.897087(-5) | 0.034 0.1 3A 1.469320(-3) | 0.047
Sahi 1.350523(-7) | 0.036 Sahi 2.407790(-5) | 0.062
New 3P | 5.097240(-9) | 0.072 New 3P | 3.832369(-7) | 0.109
0.05 3A 6.888210(-6) | 0.074 0.05 3A 4.396974(-5) | 0.110
Sahi 9.439226(-9) | 0.080 Sahi 2.257036(-6) | 0.171
New 3P | 8.308907(-11) | 0.126 New 3P | 1.772670(-8) | 0.218
0.025 3A 2.049793(-6) | 0.127 0.025 3A 1.770248(-6) | 0.220
Sahi 6.071470(-10) | 0.131 Sahi 1.573703(-7) | 0.296
New 3P | 1.311735(-12) | 0.151 New 3P | 6.679853(-10) | 0.405
0.0125 3A 5.595309(-7) | 0.153 0.0125 3A 5.820560(-7) | 0.407
Sahi 3.812597(-11) | 0.157 Sahi 1.023594(-8) | 0.483

Table 7: Numerical Results of the New 3P, 3A
and Sahi Methods for solving Problem 3.

h Methods MAXE Time ;
New 3P | 2.941061(-6) | 0.040 : ]
0.1 3A 4.800874(-5) | 0.041 "
Sahi | 7.541150(-5) | 0.046
New 3P | 8.019770(-8) | 0.089 R
0.05 3A 6.981759(-7) | 0.091 T e, R
Sahi | 3.244254(-6) | 0.095 * Vel 024 @ il
New 3P | 2.349645(-9) | 0.136 Figure 3: The Efficiency curves for Problem
0.025 3A LOSTS38(-8) | 0137 | "5 )k method) with step size  —
. pom OCK metno w1 step si1ze
Sahi | 1.087780(-7) | 0.141 | 16 05 0.025,0.00125.
New 3P | 7.114069(-11) | 0.172
0.0125 | 3A | 1.630123(-10) | 0.174
Sahi | 3.662937(-9) | 0.175
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Figure 4: The Efficiency curves for Problem )
2 (2-point block method) with step size h = Figure 7: The Efficiency curves for Problem

1 (3-point block method) with step size h =

0.1,0.05,0.025,0.0125.
0.1,0.05,0.025, 0.0125.
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Figure 5: The Efficiency curves for Problem .
3 (2-point block method) with step size h = Figure 8: The Efficiency curves for Problem

0.1,0.05,0.025,0.0125. 2 (3-point block method) with step size h =
0.1,0.05,0.025,0.0125.
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Figure 6: The Efficiency curves for Problem
4 (2-point block method) with step size h = Figure 9: The Efficiency curves for Problem

0.1,0.05,0.025,0.0125. 3 (3-point block method) with step size h =
0.1,0.05,0.025,0.0125.
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Figure 10: The Efficiency curves for Problem
4 (3-point block method) with step size h =
0.1,0.05,0.025,0.0125.

VII. Results and Discussion

In this paper, we presented the derivation of
two and three point second derivatives implicit
block methods for solving first-order ODEs.
The numerical results are tabulated in Tables
1-8 and are plotted in Figures 3-10. Those
figures showed the efficiency curves, where the
common logarithm of the maximum global
errors were plotted versus the computational
time. Figures 3-6 revealed that 2P (2- point
order 5 second derivative block method derived
in this paper) is the most efficient compared
to 2A (2-point one-step order 5 implicit third
derivative block multistep method) and Majid
(2-point implicit block method). Tables 1-4
showed that the new 2P method has less
maximum error compared with 2A and Majid
methods. Figures 7-10 showed that the new
3P (3- point order 6 second derivative block
method derived in this paper) is the most effi-
cient compared to 3A (order 6, 3-point implicit
third derivative block multistep method) and
Sahi (Simpson’s type order 6 second derivative
block method). Tables 5-8 showed that the
new 3P method has less maximum error and
less computational time compared to 3A and
Sahi’s methods.

Numerical results revealed that the new
2P and 3P methods are more efficient as

compared to the existing methods and they
also illustrated that the new second deriva-
tive block methods are more accurate and
competent for solving first order ODEs.
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