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Nowadays, statistical process control (SPC) is widely used in the industry for measuring and 

controlling the quality for the manufacturing process. Cumulative sum control chart (CUSUM) is 

effective in detecting a small shift of a process. By using classical CUSUM, the normality assumption 

of the data is needed. However, the normality assumption always cannot be reached in real situation. 

To overcome these problems, the nonparametric statistics is used since the nonparametric statistics 

does not require normality assumption. Hence, Hodges-Lehmann (HL) estimator and Wilcoxon 

Signed-Rank (SR) statistics are used to integrate with the CUSUM control chart and formulate 

nonparametric CUSUM control chart which are HL-CUSUM and SR-CUSUM control chart. Average 

run length (𝐴𝑅𝐿) is used to measure the performance of each CUSUM control chart. Our simulation 

study showed that the HL-CUSUM perform best in the small skewed data while the SR-CUSUM has 

the best performance when the skewness of the data increase. 

Keywords:  CUSUM control chart; normality; nonparametric statistics; average run length; 

skewness 

 
 

I. INTRODUCTION 
 

Statistical process control (SPC) is widely used in the industry 

nowadays. SPC is a method to visualize and control the process 

performed by reducing product variability and improve 

production efficiency (Parkash et al., 2013). Control charts are 

used to monitor for this SPC. Control charts can be classified 

into two categories which are memory-less control chart 

(Shewhart's type) and memory-type control chart. Memory-

less control charts like �̅� and 𝑅 chart use current information 

only while memory-type charts like cumulative sum (CUSUM) 

and exponentially weighted moving average (EWMA) chart 

consider past information together with current information 

which makes this control chart effective in detecting small 

shifts quickly (Montgomery, 2007).  

CUSUM control chart was first proposed by Page in 1954 

while the EWMA control chart was proposed by Roberts in 

1959. These two are the commonly used memory-type control 

charts. According to Montgomery (2007), CUSUM and EWMA 

are particularly effective in detecting small sustained shift 

quickly and have the similar performance. The parameter of 

ℎ = 4 or ℎ = 5 and 𝑘 = 0.5 were suggested to use in order to 

provide a CUSUM with good (𝐴𝑅𝐿). Koshti (2011) found 

that CUSUM is more efficient in detecting small shifts in 

the mean of a process than Shewhart charts although 

CUSUM is not simple to operate.  

Normality assumption is needed in order to produce an 

efficient control chart. If the normality assumption cannot 

be reached or lack of information of the data, the control 

charts will be less practical to be used and the efficiency of 

the control chart will reduce (Das & Bhattacharya, 2008). 

To solve this problem, nonparametric is more desirable to 

use (Yang & Cheng, 2011). The advantage of nonparametric 

statistics are incorrect conclusions can be avoided since the 

assumption of the data is unnecessary and it can be used 

for data with small sample size (Nahm, 2016). Besides that, 

nonparametric statistics is more suitable to use when the 

skewness of the data is large (Fitzgerald, 2001). 

A new nonparametric CUSUM mean chart was proposed 

by (Yang & Cheng, 2011). The proposed nonparametric 

two-sided CUSUM mean chart provides a good alternative 

to �̅� control chart and classical CUSUM control chart when 

the distribution in not normal or unknown. Kaur and 

Kumar (2015) studied the parametric and nonparametric 
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tests. From their study, nonparametric tests give a better 

performance compare to parametric test when the normality 

assumption cannot be met. According to Chakraborti and Van 

de Wiel (2008) nonparametric control charts are more 

preferable for skewed distribution because it is less sensitive 

to the outlier. 

Some authors have discussed several nonparametric 

statistics on control charts. Bakir (2004) had proposed a 

distribution-free Shewhart control chart based on Wilcoxon 

Signed-Rank statistics where he used the data with uniform 

distribution, double exponential distribution and Cauchy 

distribution. Chakraborti and Eryilmaz (2007) had proposed a 

Shewhart-type distribution-free control chart based on 

Wilcoxon Signed-Rank statistics. This control chart provide 

more desirable false alarm rates and in-control average run 

length (𝐴𝑅𝐿) . Graham et al. (2011) suggested the 

nonparametric EWMA control chart using the Wilcoxon 

Signed-Rank statistics. 

Abu-Shawiesh and Abdullah (2001) studied the performance 

of new Shewhart control chart by using Hodges-Lehmann 

(HL) and Shamos-Bickel-Lehmann (SBL) estimators. Hodges-

Lehmann estimator are more suitable when the special cause 

variations and outlier that present in Shewhart-type control 

charts and memory control charts (Nazir et al., 2013). 

Subgroup size, 𝑚 = 5  and 𝑚 = 10  were used in their study. 

The process is simulated for 10000 times and the average out 

of these run length is considered to compare the performance 

of the control charts. From their study, HL is suitable when the 

data is not normally distributed. Hodges-Lehmann control 

chart had been studied by (Pongpullponsak & Jayathavaj, 

2014). In their study, Weibull distribution with 11 skewness 

was used. 

Average run length (𝐴𝑅𝐿) is defined as the average number 

of samples taken before an out of control (OOC) signal is 

obtained. This shows that control chart with smaller ARL has 

a better performance since a smaller sample is required before 

an out of control signal is obtained. Hence, (𝐴𝑅𝐿) can be used 

to determine the performance of the control chart 

(Montgomery, 2007). In addition, many study such as 

Pongpullponsak et al. (2006) and Tapang (2016) used (𝐴𝑅𝐿) 

to compare the performance of the control charts.  

Before continue to the implementation of nonparametric 

CUSUM control chart, we prepare the basic structure of 

standardized parametric CUSUM control chart in next section. 

 

 

 

II. THE STANDARDIZED 
CUSUM CONTROL 

CHART 
 

In this study, data with a rational subgroup of sample size, 

𝑚 > 1 is used. The two advantages of standardized CUSUM 

control chart are the choices of parameter ℎ and 𝑘 do not 

depend on 𝜎  and it leads naturally to CUSUM for 

controlling variability (Montgomery, 2007). The 

standardized two-sided CUSUM are defined as follows: 

 

𝐶𝑖
+ = max⁡[0, 𝐶𝑖−1

+ + 𝑦𝑖 − 𝑘]  (1) 

𝐶𝑖
− = max⁡[0, 𝐶𝑖−1

− − 𝑦𝑖 − 𝑘]  (2) 

 

where 𝑖  is the subgroup number, 𝑦𝑖 is the standardized 

mean of each subgroup define as: 

 

𝑦𝑖 =
�̅�𝑖

𝜎�̅�
   (3) 

 

𝐶𝑖
+and 𝐶𝑖

−are upper and lower CUSUM respectively and 𝑘 is 

the reference parameter. The initial value of 𝐶𝑖
+ and 𝐶𝑖

− are 

usually taken as equal to 0. A process is said to be out of 

control if the plotting of 𝐶𝑖
+  and 𝐶𝑖

−  exceed the decision 

interval, ℎ. 

 

III. DESCRIPTION OF 
NONPARAMETRIC 
CUSUM CONTROL 

CHART 
 

In this section, we shortly describe the nonparametric 

CUSUM control chart using Hodges Lehmann estimator 

(HL) and Wilcoxon Signed-Rank statistics (SR). Let 

𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑚  be a random sample obtain from a 

distribution with size 𝑚. 

 

A. Hodges Lehmann (HL) CUSUM 
 

Chakraborti et al. (2001) showed the usage of Hodges 

Lehmann estimator on Shewhart-type control chart. Here, 

we implemented the method on CUSUM control chart. The 

steps to obtain the Hodges Lehmann estimator are as 

follows: 
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i. Compute 𝑀 =
𝑚(𝑚+1)

2
            (4) 

ii. Compute the Walsh average, 𝑊𝑟 =
𝑥𝑖+𝑥𝑗

2
           (5) 

Where 𝑟 = 1,2,3,… ,𝑀 

             𝑖 = 1,2,3,… ,𝑚 

             𝑗 = 1,2,3,… ,𝑚 

iii. Reorder the Walsh average in ascending order 

𝑊(1) ≤ 𝑊(2) ≤ 𝑊(3) ≤ ⋯ ≤ 𝑊(𝑀) 

iv. 𝐻𝐿𝑖 = 𝑚𝑒𝑑𝑖𝑎𝑛{𝑊(1),𝑊(2),𝑊(3), … ,𝑊(𝑀)}           (6) 

The 𝐻𝐿𝑖 of each subgroup will be obtained and standardized by 

substituting the value of �̅�𝑖 from equation (3) with 𝐻𝐿𝑖. 

 

B. Wilcoxon Signed-Rank (SR) CUSUM 

 
Suppose that 𝑋𝑖𝑗 , 𝑗 = 1,2,3,… , 𝑛  and 𝑖 = 1,2,3,… ,𝑚  denote 𝑗𝑡ℎ  

observation in the 𝑖𝑡ℎ  rational subgroup of size 𝑚 > 1. Let 𝑅𝑖𝑗
+  

be the rank of the |𝑋𝑖𝑗|  among |𝑋𝑖1, … , 𝑋𝑖𝑛| , 𝑗 = 1,2,3,… , 𝑛 

within the 𝑖𝑡ℎ subgroup and 𝜃 is the target value or the mean. 

The Wilcoxon Signed-Rank is defined as: 

 

𝑆𝑅𝑖 = ∑ 𝑠𝑖𝑔𝑛(𝑋𝑖𝑗 − 𝜃)𝑅𝑖𝑗
+𝑚

𝑗=1  (7) 

 

For 𝑖 = 1,2,3,… ,𝑚, where 

 

𝑠𝑖𝑔𝑛(𝑋𝑖𝑗 − 𝜃) = {

1, 𝑖𝑓(𝑋𝑖𝑗 − 𝜃) > 0

0, 𝑖𝑓(𝑋𝑖𝑗 − 𝜃) = 0

−1, 𝑖𝑓(𝑋𝑖𝑗 − 𝜃) < 0

 (8) 

 

Then, the 𝑆𝑅𝑖 will be obtained and replace the �̅�𝑖 from equation 

(3). 

 

IV. CONTROL CHART 
PERFORMANCE 

 

From the past research, a most popular way to compare the 

efficiency of the control chart is by using average run 

length (𝐴𝑅𝐿) . 𝐴𝑅𝐿  is the number of samples or subgroup 

needed before the first out of control signal is obtained for a 

control chart. The value of 𝐴𝑅𝐿 can be calculated by 

𝐴𝑅𝐿 =
1

𝛼
    (9) 

 

where 𝛼 is the probability that any point exceeds the control 

limits. 

 

The 𝐴𝑅𝐿  of the two-sided CUSUM from the 𝐴𝑅𝐿+  and 

𝐴𝑅𝐿− is calculated as  

 

1

𝐴𝑅𝐿
=

1

𝐴𝑅𝐿+
+

1

𝐴𝑅𝐿−
   (10) 

 

R code is used to generate the suitable parameter of ℎ with 

respective ℎ  which the 𝐴𝑅𝐿  is equal to 370  as shown in 

Table 1. According to Montgomery (2007), using ℎ = 4 or 

ℎ = 5 and 𝑘 = 0.5 will provide a CUSUM that has good 𝐴𝑅𝐿 

properties. Hence, ℎ = 5 and 𝑘 = 0.5 will be used for each 

of the control chart in this study. 

 

Table  1. Parameter of ℎ with respective 𝑘 for 𝐴𝑅𝐿 = 370 

 𝑘 0.25 0.50 0.75 1.00 1.50 2.00 

ℎ 

CUSUM 9.84 5.16 3.34 2.39 1.40 0.80 

HL-CUSUM 10.57 5.56 3.60 2.58 1.54 0.92 

SR-CUSUM 9.79 4.96 3.00 1.95 0.70 0.02 

 

For this study, the performance of CUSUM, HL-CUSUM 

and SR-CUSUM are determined based on their𝐴𝑅𝐿.Weibull 

distribution and Lognormal distribution are used for the 

simulation study. For the said purpose, 2000 observations 

from each distribution with 𝑚 = 5  and 𝑚 = 10  are 

generated. The skewness coefficient is introduced in the 

process to evaluate the 𝐴𝑅𝐿. The respective sample number 

when out-of-control signal occur in noted. This process is 

repeated 1000 times so that we can average out the run 

length to get the 𝐴𝑅𝐿  value.  The parameter of each 

distribution will be adjusted to obtain various skewness 

coefficients. Different skewness coefficient Weibull and 

Lognormal distribution are used. The skewness coefficient 

with the respective parameter of each distribution is shown 

in Table 2 (Pongpullponsak et al., 2006). 

 

Table  2. Skewness coefficient with the respective 

parameter for Weibull and Lognormal distributions 

Skewness 

coefficient 

Weibull distribution Lognormal distribution 

Scale 

parameter, 

𝜆 

Shape 

parameter, 

𝑘  

Scale 

parameter, 

𝜇 

Shape 

parameter, 

𝜎 

0.1 0.1 3.2219 0.1 0.0334 

0.5 0.5 2.2110 0.5 0.1641 

1.0 1.0 1.5630 1.0 0.3142 

2.0 2.0 1.0000 2.0 0.5513 

3.0 3.0 0.7686 3.0 0.7156 

4.0 4.0 0.6478 4.0 0.8326 

5.0 5.0 0.5737 5.0 0.9202 
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V. RESULT AND DISCUSSION 

 

Table 3 shows the result of simulation by using data from 

Weibull distribution with different skewness. This data is 

analyse by using CUSUM, HL-CUSUM and SR-CUSUM control 

charts and the values of 𝐴𝑅𝐿 is generated. From table 3, 𝐴𝑅𝐿 

values decreasing with the increase of skewness of the data. 

𝐴𝑅𝐿  values of CUSUM control chart decreasing slowly for 

sample size 𝑚 = 5 and 𝑚 = 10. For HL-CUSUM control chart, 

𝐴𝑅𝐿 values decrease slowly when 𝑚 = 5  and decrease 

drastically when 𝑚 = 10  while 𝐴𝑅𝐿  values of SR-CUSUM 

control chart decrease drastically for both sample size.  

Figure 1 graphically shows the 𝐴𝑅𝐿  values for those three 

control chart for sample size 𝑚 = 5  and 𝑚 = 10 . The figure 

shows that 𝐴𝑅𝐿  values for CUSUM and SR-CUSUM control 

charts are almost the same for small skewed data while HL-

CUSUM control chart has the smallest 𝐴𝑅𝐿  value for both 

sample size. This shows that HL-CUSUM control chart has the 

best performance for small skewed data. When the skewness 

increase, SR-CUSUM control chart has the smallest 𝐴𝑅𝐿 values 

compare to other two control chart for both sample size. This 

shows that SR-CUSUM control chart has the best performance 

when 𝑚 = 5 . All three control charts have comparable 

performance for data with large skewness when 𝑚 = 10. 

 

Table  3. Simulation result of 𝐴𝑅𝐿 for Weibull distribution 

with different skewness 

 𝑚 = 5 

Control chart CUSUM HL-CUSUM SR-CUSUM 

S
k

ew
n

es
s 

co
ef

fi
ci

en
t 0.1 149.21 107.39 152.62 

0.5 137.97 94.04 54.27 

1.0 94.44 75.56 4.07 

2.0 31.41 42.06 0.04 

3.0 5.93 30.97 0.00 

4.0 1.14 32.47 0.00 

5.0 0.13 42.41 0.00 

 𝑚 = 10 

Control chart CUSUM HL-CUSUM SR-CUSUM 

S
k

ew
n

es
s 

co
ef

fi
ci

en
t 0.1 148.22 100.58 147.61 

0.5 130.36 52.88 26.20 

1.0 120.05 0.92 0.99 

2.0 73.19 0.92 0.00 

3.0 26.71 0.25 0.00 

4.0 11.34 0.19 0.00 

5.0 3.97 0.14 0.00 

 

 

(a)   

 

(b) 

 

 
 

Figure  1. 𝐴𝑅𝐿 values for values for Weibull 

distribution with (a)𝑚 = 5 and (b)𝑚 = 10 

 

Table 4 show the result of simulation by using data from 

Lognormal distribution with different skewness. 𝐴𝑅𝐿 

values decreasing with the increase of the skewness of the 

data. 𝐴𝑅𝐿 values of CUSUM control chart decrease slowly 

for 𝑚 = 5 and 𝑚 = 10. For HL-CUSUM control chart,𝐴𝑅𝐿 

values decrease slowly when 𝑚 = 5  and decrease 

drastically when 𝑚 = 10 while 𝐴𝑅𝐿 values for SR-CUSUM 

control chart decrease drastically for both sample size. 

Figure 2 shows the 𝐴𝑅𝐿  values for the three control 

chart graphically. The figure shows that 𝐴𝑅𝐿  values for 

CUSUM and SR-CUSUM control charts are almost the 

same for small skewed data while HL-CUSUM control 

chart has the smallest 𝐴𝑅𝐿 value for both sample size. This 

shows that HL-CUSUM control chart has the best 

performance for small skewed data. When the skewness 

increase, SR-CUSUM control chart has the smallest 𝐴𝑅𝐿 

values compare to other two control chart for both sample 

size. This shows that SR-CUSUM control chart has the 

best performance when 𝑚 = 5 . All three control charts 

have comparable performance for data with large 

skewness when 𝑚 = 10. 
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Table  4. Simulation result of 𝐴𝑅𝐿 for Lognormal 

distribution with different skewness 

 𝑚 = 5 

Control chart CUSUM HL-CUSUM SR-CUSUM 

S
k

ew
n

es
s 

co
ef

fi
ci

en
t 0.1 142.66 121.48 143.37 

0.5 136.35 119.61 56.36 

1.0 105.89 101.95 6.07 

2.0 38.24 89.47 0.17 

3.0 10.08 91.02 0.01 

4.0 3.77 96.05 0.00 

5.0 0.17 101.27 0.00 

 𝑚 = 10 

Control chart CUSUM HL-CUSUM SR-CUSUM 

S
k

ew
n

es
s 

co
ef

fi
ci

en
t 0.1 151.02 125.87 147.76 

0.5 140.57 65.79 31.07 

1.0 130.52 20.11 1.55 

2.0 67.02 1.94 0.01 

3.0 32.10 0.42 0.00 

4.0 12.33 0.17 0.00 

5.0 6.73 0.12 0.00 

 

(a) 

 

(b) 

 

 
 

Figure  2. 𝐴𝑅𝐿 values for values for Lognormal 

distribution with (a)𝑚 = 5 and (b)𝑚 = 10 

 

VI. CONCLUSION 
 

To apply and check the performance of control chart, the 

normality assumption of the data is very important. If the 

normality assumption of the data is violated, misleading 

conclusion of that control chart can occur. Therefore, 

nonparametric statistics are used to overcome these 

problems. Hodges Lehmann estimator and Wilcoxon 

Signed-Rank statistics are used by integrating it with the 

classical CUSUM control chart to formulate 

nonparametric control charts which are HL-CUSUM and 

SR-CUSUM control chart. 

From the simulation study, the 𝐴𝑅𝐿  values of each 

control chart is computed and compared. Data from 

Weibull distribution and Lognormal distribution with 

different skewness are used by adjusting the parameter of 

each distribution. The parameter of CUSUM control chart 

ℎ = 5  and 𝑘 = 0.5  are used. The subgroup with sample 

size 5 and 10 are included in the study.  

As the conclusion, SR-CUSUM control chart has the best 

performance among these three control charts when the 

data is non-normally distributed. Besides that, HL-

CUSUM control chart can be used when the skewness of 

the data is small. 
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