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The study scrutinizes the coupled effects of thermal stratification and mixed convection on boundary 

layer flow and heat transfer of a hybrid Cu-Al2O3/water nanofluid. Stretching/shrinking surface is 

permeable to allow the wall fluid suction while thermal convection is also included to deal with the 

thermal stratification phenomenon. In the present work, the combination of copper (Cu) 

nanoparticles and Al2O3/water nanofluid is modelled using the analytical hybrid nanofluid model. A 

similarity transformation is adopted to reduce the governing model into a set of ordinary (similarity) 

differential equations. The efficient boundary value problem with fourth order accuracy (bvp4c) 

solver in MATLAB software is utilized to solve the transformed model. An astonishing result is 

obtained where the heat transfer rate of hybrid nanofluid intensifies when small suction parameter 

is imposed on the stretching/shrinking sheet while a contrary result is obtained when higher value 

of suction is applied. Suction and opposing buoyancy parameters are among the control parameters  

that induce the existence of second solution. Stability analysis affirms that the first solution is 

mathematically stable. The present results are conclusive to the combination of alumina and copper 

nanoparticles only and other combination of nanoparticles may produce different flow and heat 

transfer characteristics. 

Keywords:  stagnation point flow; hybrid nanofluid; stretching/shrinking; thermal stratification; 

dual solutions 

 
 

I. INTRODUCTION 
 

Nanoparticles are a nano-sized solid particle (<100nm) which 

are effectively used in the invention of traditional nanofluid to 

optimize the thermal conductivity of conventional coolants or 

base fluids (i.e. ethylene glycol, water, mixture of water and 

ethylene glycol, vegetable oil or transformer oil). There are a 

few types of nanoparticles that are widely used; metal oxides 

(i.e. alumina/Al2O3, hematite/Fe2O3, magnetite/Fe3O4, cupric 

oxide/CuO), metals (copper/Cu, silver/Ag), metal carbide 

and carbon materials (i.e. carbon nanotube/CNT, multi-

walled carbon nanotubes/MWCNT, graphite). Further, 

hybrid nanofluid is an extension of traditional nanofluid, 

which is prepared by dispersing different nanoparticles in 

a base fluid. The evolution of stable hybrid nanofluids may 

lead to the energy sustainability since it can enhance the 

thermal system efficiency (Das, 2017). A few of literatures 

had reported on the preparation, thermal conductivity and 
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recent applications of the hybrid nanofluids (Jana et al., 2007; 

Sarkar et al., 2015; Sidik et al., 2016; Sundar et al., 2017; Babu 

et al., 2017; Sajid & Ali, 2018; Gupta et al., 2018; Huminic & 

Huminic, 2018). According to (Suresh et al., 2011), alumina 

has low thermal conductivity as compared to the copper 

nanoparticles, but the good side is alumina has well stability 

and chemical inaction. The combination of least amounts of 

copper solid volume fraction into an alumina matrix could 

maintain the stability of hybrid nanofluid and substantially, 

boost the thermal properties.    

(Devi & Devi, 2016) introduced a new special form of 

thermophysical properties to solve the boundary layer 

problem for hybrid nanofluid model. These properties were 

compared with the experimental results for the model 

authentication and applied into the (Tiwari & Das, 2007)  

model of nanofluid. (Nadeem et al., 2018) analyzed the 

thermal slip effect on stagnation point flow of a hybrid Cu-

Al2O3/water nanofluid past a circular cylinder while (Yousefi 

et al., 2018) analyzed the combined effects of titania and 

copper towards a wavy cylinder. (Rostami et al., 2018) solved 

the mixed convective stagnation point flow of a silica-

alumina/water hybrid nanofluid and obtained dual solutions. 

(Dinarvand, 2019) utilized hybrid CuO-Ag/water nanofluid 

model and investigated the nodal/saddle stagnation point 

flow.  

Inspired by the previous literatures, the present work 

accentuates the stagnation point flow of a hybrid Cu-

Al2O3/water nanofluid over a permeable stretching/shrinking 

sheet with thermal stratification effect. The authors also 

concern the emergence of non-unique solution in the present 

problem and how the stability analysis is formulated and 

conducted to verify the reliability of the solutions. 

 

II. PROBLEM FORMULATION 
 

Consider a laminar, steady and incompressible stagnation 

point flow of a hybrid nanofluid due to a permeable 

stretching/shrinking sheet with linear velocity ( ) =wu x ax L  as 

depicted in Figure 1. The free stream velocity is assumed as 

( ) ,=eu x bx L  with b  is a positive constant. A few of 

presumptions are also examined for the physical model:  

• The base fluid and nanoparticles are maintained in a 

thermal equilibrium state.  

• The spherical shaped nanoparticles are considered with 

uniform size. 

• The sheet is permeable to allow the fluid suction/injection 

process. 

• Thermal buoyancy force is considered to deal with the 

thermal stratification phenomenon (Mat Yasin et al. 

2013; Besthapu et al. 2017; Animasaun et al. 2019). 

• The linear stratified ambient temperature is 

( ) ( )0 ; = +T x T A x L  
0T  is the initial ambient 

temperature of the hybrid nanofluid, L  is the 

characteristic length of the sheet and A  is a constant. 

• The wall temperature is ( ) ( )0 ;= +wT x T B x L  

( ) ( )wT x T x  specified for a heated sheet (assisting 

flow) while ( ) ( )wT x T x  specified for a cooled sheet 

(opposing flow). 

 

(a) 

 

(b) 

Figure  1. The physical model of mixed convective 

stagnation point flow over (a) stretching (b) shrinking 

surface. 
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Under all these assumptions, the governing boundary layer 

equations are: 

0,
 

+ =
 

u v

x y
                                              (1)                                              

( ) ( )2

2
,



 

−  
+ = + +

  

Thnf hnfe
e

hnf hnf

g T Tu u du u
u v u

x y dx y
                    (2)                                                                           

 
2

2
,



   
+ =  

    p hnf

T T k T
u v

x y C y
            (3) 

subject to the boundary conditions                                     

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0,0 ,    ,0 ,    ,0 ,

, ,    , ,       as      .

= = =

→ → →

w w

e

u x u x v x v T x T x

u x y u x T x y T x y
                  (4) 

Here u  and v  are the velocity components along x  and −y

directions, accordingly, 𝑇  is the fluid temperature,  f  is the 

kinematic viscosity of the base fluid, 0 = − fv S b  is the 

constant mass flow with 0 0v  and 0 0v  are for suction and 

injection, respectively.  

   Table 1 correlates the thermophysical properties between 

hybrid and traditional nanofluids where ,  , pC  ,  k  and 

T  are the term for the density, heat capacity, dynamic 

viscosity, thermal conductivity and thermal expansion, 

correspondingly. The subscripts ,hnf ,nf ,f 1s  and 2s  

indicate the hybrid nanofluid, nanofluid, base fluid, first and 

second nanoparticles, mutually.  It is also noted that   

represents the nanoparticles volume fraction (
1  for first 

nanoparticle and 2  for second nanoparticle). The 

thermophysical properties of the alumina (Al2O3) and 

copper (Cu) nanoparticles with base fluid (water) are 

exemplified in Table 2.  

 In the present work, a set of similarity transformations (see 

Equation (5)) is adopted 

  

( ) ( )
( )

( )

( )
( )

( )

( )
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,    ,    

,    ,


 

  

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= = −

−
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−

e f

e

e

w f

u x
u u x f v f

x

T T x u x
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T x T x

                           (5) 

to the Equations (2) and (3) and subsequently, the following 

ODEs are obtained:  

           2

11 0,
 


 

 
  + − + + = 

 
 

hnf f

hnf f

f ff f A                                    (6) 

( ) ( )
( )

1
0,

Pr
   

 
  + − + =

hnf f

p phnf f

k k
f f

C C
                       (7) 

 

inclusive of the boundary conditions: 

 
( ) ( ) ( )

( ) ( )

0 ,    0 ,    0 1 ,

1,    0,      as     

  

   

= = = −

 → → →

f S f

f
                     (8) 

 

Table 1. The thermophysical properties between hybrid and traditional nanofluid 

Properties Hybrid Nanofluid Traditional Nanofluid  

Density 
 

( ) ( )2 1 1 1 2 21 1        = − − + + hnf f s s  ( )1   = − +nf f s  

Heat 

Capacity 
( ) ( ) ( )( ) ( ) ( )2 1 1 21 2

1 1        = − − + +
  p p p phnf f s s

C c c c  ( ) ( )( ) ( )1    = − +p p pnf f s
C c c  

Dynamic 

Viscocity 
( ) ( )

2.5 2.5

1 2

1

1 1



  
=

− −

hnf

f

 
( )

2.5

1

1

1



 
=

−

nf

f

 

Thermal 

Conductivity 
( )
( )

( )
( )

2 2 2

2 2 2

1 1 1

1 1 1

2 2

2
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2 2

2
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


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 =

+ + −  

 + − −
 =

+ + −  

s bf bf shnf

bf s bf bf s

s f f sbf

f s f f s

k k k kk

k k k k k

k k k kk

k k k k k

 

( )
( )

2 2

2





 + − −
 =

+ + −  

s f f snf

f s f f s

k k k kk

k k k k k
 

Thermal 

Expansion 

 

( ) ( ) ( )( ) ( ) ( )2 1 1 21 2
1 1        = − − + +

 T T T Thnf f s s
 ( ) ( )( ) ( )1    = − +T T Tnf f s

 

 
Table 2. Thermophysical properties of the alumina, copper and water (see Rostami et al.) 

 

 

 

 

 

Physical 
properties 

( )3kg m  ( )J kgKpC  ( )W mKk  ( )5 110 K −T
 

Alumina 3970 765 40 0.85 

Copper 8933 385 400 1.67 

Water 997.1 4179 0.6130 21 
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where 

2Re = xGr is the buoyancy parameter, 

( ) ( )( ) 3 2

0 = −T w ff
Gr g T x T x  is the Grashof number,

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
2 1 1 21 2

1

2 1 1 1 2 2

1 1
,

1 1

        

      

 − − + + =
−  − +  + 

f T T T Ts f s f

f s s

A  

( )Re =x e fxu x is the local Reynolds number. It also worth to 

mention that 0   corresponds to the assisting flow, 0   for 

the  opposing flow and 0 =  for the forced convection flow. 

Additionally, ( )Pr = p ff
C k   is the Prandtl number, S  is the 

wall mass suction/injection parameter,   = a b  is the velocity 

ratio parameter ( 0   for stretching sheet, 0   for shrinking 

sheet and 0 =  is for static sheet) and  = A B  is the thermal 

stratification parameter.  

   The skin friction coefficient fC  and the local Nusselt number 

xNu , are described as 

2
,




= w

f

f e

C
u

  
( )( )0

,=
−

w
x

f w

xq
Nu

k T x T
                                     (9) 

where w
 is the surface shear stress and 

wq  is the surface heat 

flux, which are defined as 

 
0

, 
=

 
=  

 
w hnf

y

u

y
  

0

.
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w hnf

y
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y
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Using (5), (9) and (10), the following reduced skin friction 

coefficient and heat transfer rate are attained 

( )1/ 2Re 0 ,



=

hnf

x f

f

C f  ( )1/ 2Re 0 .− = −
hnf

x x

f

k
Nu

k
                  (11) 

 

III. STABILITY ANALYSIS 
 

There are a few of  literatures that discussed the significance 

and full formulation of the stability analysis (Ismail et al. 2016; 

Jamaludin et al. 2019; Khashi’ie et al. 2019; Khashi’ie et al. 

2019). First step in the stability process is to consider the 

unsteady form of Equations (2) and (3): 

( ) ( )2

2
,



 

−   
+ + = + +

   

Thnf hnfe
e

hnf hnf

g T Tu u u du u
u v u

t x y dx y
        (12) 

2

2
.



    
+ + =  

     p hnf

T T T k T
u v

t x y C y
                                              (13) 

A new set of transformations (see Equation (14)) with 

dimensionless time variable   is introduced and applied to 

Equations (12) and (13): 

( ) ( )
( )

( )

( )
( )

( )

( )

0

, ,    , ,    

, ,    ,    .


   
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

= = −

−
= = =

−

e f

e

e

w f

u x
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x
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y bt
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The new transformed nonlinear differential equations are:  

1

23 2 2

3 2
0,  1

 
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with the conditions 
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






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f
f S

f
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Further, the following expressions are tested into Equations 

(15)-(17) to validate the reliability of the steady flow 

solutions ( ) ( )0 =f f  and ( ) ( )0 .   =  In the 

formulation,   is an unidentified eigenvalue whereas 

( )F  and ( )G  are a small relative to ( )0 f  and ( )0 ,   

respectively.  

  
( ) ( ) ( )

( ) ( ) ( )

0

0

, , 

, ,





   

     

−

−

= + 


= + 

f f e F

e G
                     (18)             

The linearized eigenvalue problem is produced by adopting 

Equation (18) into Equations (15)-(17)  

( )0 0 0 12 0,
 

 
 

   + + − − + =
hnf f

hnf f

F Ff f F f F A G                  (19)                

( ) ( )
( )

( )

0 0 0

0

1

Pr

0,

  
 



  + + − +

− − =

hnf f

p phnf f

k k
G F f G F

C C

f G

                   (20) 

in conjunction with                                                     

(0) (0) (0) 0,

( ) 0, ( ) 0,

= = = 


  →  → 

F F G

F G
                      (21) 

In the bvp4c solver, Equations (19)-(21) are computed to 

find the possible range of eigenvalues. The sign of the 

smallest eigenvalue ( )1  will act as a determinant of the 

real solution; positive 1  indicates that the solution is 

stable/real while negative 1  signifies that the solution is 

unstable. However, to make it happen, one of the boundary 
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conditions ( )( 0  →F  or ( ) )0 →G  need to be substituted 

with a new relaxing condition. In the present work, ( ) 0  →F

in Equation (21) is replaced with a new boundary condition 

(0) 1. =F   

IV. RESULT AND DISCUSSION 
 

The ordinary (similarity) differential equations are successfully 

computed for selected values of the pertinent parameters; 

suction ,S velocity ratio ,  thermal buoyancy ,  thermal 

stratification ,  and nanoparticles solid volume fraction 

( )1 2,   using the bvp4c package in MATLAB software. The 

bvp4c function was programmed with a finite difference 

Lobatto IIIa scheme (three-stage) with fourth order accuracy. 

The main objectives in the present work are (a) to study the 

impact of selected physical parameters on the dimensionless 

velocity and temperature profiles as well as the skin friction 

coefficient and heat transfer rate, and (b) to identify all the 

possible solution(s) that may arise in the governing problem. 

Existing literatures had proved that the dual and multiple 

solutions were possible for the shrinking flow case with suction, 

thermal buoyancy or stagnation region. Pr 6.2=  is fixed in the 

entire study to symbolize water as the base fluid. Further, 

following the works by (Devi & Devi, 2016) and (Nadeem et al., 

2018), the first nanoparticle ( )1  is alumina with 10%  solid 

volume fraction whereas the solid volume fraction for 

second nanoparticle (copper) is varied 11% 5%.   The 

combination of both nanoparticles with pure water as the 

base fluid will generate a hybrid Cu-Al2O3/water nanofluid 

model while Cu-water and Al2O3-water nanofluids are 

created when 1 0 =  or 2 0, =  respectively. The model is 

reduced to the viscous/Newtonian fluid when both 

1 2 0. = =   

  Tables 3 and 4 correlate the values of ( )0f  and ( )0−  

between present result and those by (Rostami et al., 2018) 

and (Ishak et al., 2010) when all the physical parameters 

are zero except 1. =  (Rostami et al., 2018) adopted the 

bvp4c solver to compute the mixed convective stagnation 

point flow of hybrid nanofluid while (Ishak et al., 2010) 

applied the Keller-box method to study the mixed 

convective stagnation point flow of viscous fluid. Both 

literatures considered a permeable flat plate ( )0 =  in 

their work. The approximate percent relative error 

( )( )100% = − a a b a  is also calculated to compare the 

present result, a  and previous result, .b  It shows that a  

between present and previous results are sufficiently small 

( )0% 0.5% , a  thus the bvp4c method used in the 

present work is accepted and well-used.   

 

Table 3. A comparison of ( )0f  when 0 = = =S  and 1 =  for viscous fluid (𝜙1 = 𝜙2 = 0) 

 
Pr  

Present 
(bvp4c) 

(Rostami et al., 2018)  
(bvp4c) 

(Ishak et al., 2010)  
(Keller-box) 

First  
Solution 

Second 
Solution 

First  
Solution 

a  

( )%  

Second  
Solution 

a  

( )%  

First  
Solution 

a  

( )%  

Second 
Solution 

a  

( )%  

0.7 1.7063 1.2387 1.7063 0 1.2344 0.35 1.7063 0 1.2387 0 

1 1.6754 1.1332 1.6754 0 1.1296 0.32 1.6754 0 1.1332 0 

7 1.5179 0.5824 1.5179 0 0.5815 0.15 1.5179 0 0.5824 0 
 

Table 4. A comparison of ( )0−  when 0 = = =S  and 1 =  for viscous fluid (𝜙1 = 𝜙2 = 0) 

 

Pr  

Present 
(bvp4c) 

(Rostami et al., 2018)  
(bvp4c) 

(Ishak et al., 2010)  
(Keller-box) 

First  
Solution 

Second 
Solution 

First  
Solution 

a  

( )%  

Second  
Solution 

a  

( )%  

First  
Solution 

a  

( )%  

Second 
Solution 

a  

( )%  

0.7 0.7641 1.0226 0.7641 0 1.0235 0.09 0.7641 0 1.0226 0 

1 0.8708 1.1691 0.8708 0 1.1706 0.13 0.8708 0 1.1691 0 

7 1.7224 2.2192 1.7224 0 2.2203 0.05 1.7224 0 2.2192 0 
 

  Figure 2 exemplifies 
1 2Rex fC  and 

1 2Re −

x xNu  towards S  

when 2 0.01,  0.03 =  and 0.05.  It is noticed that dual solutions 

are possible in the study for the shrinking case ( )1 = −  if 

 cS S  and unique/distinctive solution is obtained when 

21



ASM Science Journal, Volume 12,  Special Issue 5, 2019 for ICoAIMS2019  

 
.= cS S  The boundary layer starts separating (laminar to 

turbulent) when  cS S  and at this stage the full Navier-Stokes 

with Fourier energy model are used to observe the flow 

characteristics. Suction is one of the control parameters that is 

necessary in the present work to induce two (non-unique) 

solutions while the application of injection parameter ( )0S  

will not generate any similarity solution. Figure 2 also portrays 

that both skin friction coefficient and heat transfer rate for first 

solution incline with the increment of the 2.  However, this 

observation is only valid for 1S  and the flow characteristics 

may differ for 1S  as clarified in Figure 3. A comparison of 

1 2Re −

x xNu  between viscous fluid, Cu-water nanofluid 

( )1 20,  0.01 = =  and Cu-Al2O3/water hybrid nanofluid 

( )1 20.1,  varied = =  is manifested in Figure 3 when 0.5=S  

and 2.=S  Hybrid nanofluid with 5% solid volume fraction of 

copper has higher heat transfer rate as compared to the 

traditional nanofluid and viscous fluid when 0.5=S  for both 

stretching and shrinking cases. However, astonishing result is 

achieved when higher S  ( )2=S is applied. The value of 

1 2Re −

x xNu  for viscous fluid is greater as compared to the 

traditional and hybrid nanofluids. Nevertheless, it is obvious 

from the stretching case that the heat transfer rate of hybrid 

nanofluid is slightly intensified as 2  enhances.  

   The 
1 2Rex fC  and 

1 2Re −

x xNu  towards   when 

0.5,  0.6=S  and 0.7  is graphically manifested in Figure 4. It 

indicates that the thermal buoyancy parameter (opposing flow) 

also can lead to dual solutions. However, no second solution is 

obtained when 0 =  (forced convection flow) while higher 

value of suction conceivably desired to generate two solution in 

the assisting flow region. It can be seen when 0.5,S =  the 

second solution in assisting flow region, can only sustain for 

approximately 0 0.8.   Figure 4 also reveals that the 

skin friction coefficient and heat transfer rate for the first 

solution escalates when S  is enhanced for all types of 

convective flow (free and forced).  

Figures 5 and 6 elucidate the velocity and temperature 

profiles for both stretching flow ( )0.5 =  and shrinking 

flow ( )1 = −  cases when 2  is enhanced. There is only a 

slight accretion for both velocity and temperature profiles 

of the first solution whereas a contrary result is noticed for 

the second solution. The boost of nanoparticles solid 

volume fraction generally may develop more energies and 

subsequently, increase the temperature profile. 

Nevertheless, the profiles of second solution are not in 

accordance with the theoretical judgment. Hence, the 

stability analysis in the previous section is used to justify the 

real solution between first and second solutions. It also 

worth to mention that the results in Figures 5 and 6 only 

applicable for assisting buoyancy parameter ( )0.5 =  and 

the usage of opposing buoyancy parameter may produce 

different flow characteristics.  

 A stability analysis is conducted by solving the linearized 

eigenvalue problem in Equations (19)-(21) using bvp4c 

solver in MATLAB software. Figure 7 demonstrates the 

smallest eigenvalue 1  towards thermal buoyancy 

parameter   for both first and second solutions. It shows 

that the first and second solutions hold positive and 

negative 1,  correspondingly and 1 0 →  as . → c  This 

result mathematically supports and validates that the first 

solution is the real solution.  

 
(a) 

 
(b) 

Figure  2.  (a) 1 2Rex fC  (b) 
1 2Re −

x xNu  towards S  when 0.01, = 1 = −  and 𝜀 = −1 
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(a) 

 
(b) 

Figure  3. 
1 2Re −

x xNu  towards  when  (a) 0.5S =  (b) 𝑆 = 2 

 
(a) 

 
(b) 

Figure  4. (a) Skin friction coefficient (b) Heat transfer rate towards   for different values of 𝑆

 
(a) 

 
(b) 

Figure  5. (a) Velocity (b) Temperature profiles for stretching flow case when 𝜙2 = 0.01, 0.02 and 0.03 

 
(a) 

 
(b) 

Figure  6. (a) Velocity (b) Temperature profiles for shrinking flow case when 𝜙2 = 0.01, 0.02 and 0.03
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Figure  7. The smallest eigenvalue 1  towards thermal 

buoyancy parameter   for both first and second solutions 

 

V. CONCLUSION 
 

The present work highlights the mixed convective stagnation 

point flow of a thermally stratified hybrid Cu-Al2O3/water 

nanofluid over a permeable stretching/shrinking sheet. The 

variable wall temperature and linear stratified form of 

ambient temperature are considered. The similarity solution 

is successfully computed using the efficient bvp4c solver in 

the MATLAB software. The conclusions are as follows: 

• Two solutions (first and second) are possible in the 

present investigation within a certain range of the 

suction parameter S  and thermal buoyancy parameter 

.  

• The stability analysis affirms that the first solution is the 

real solution. In addition, the second solution is 

mathematically and physically (graph observation) 

validated as unstable solution.  

• The hybrid Cu-Al2O3/water nanofluid has greater heat 

transfer rate as compared to the Cu-water nanofluid and 

viscous (water) fluid when 0.5S =  is enhanced to the 

shrinking sheet. Surprisingly, opposite result is obtained 

when 2S =  is applied to the shrinking sheet. 

• This study may provide idea to the other researchers on 

how to increase/decrease the heat transfer rate (depends 

on the engineering and technological demands) by 

controlling parameters such as suction, copper 

nanoparticles volume fraction or buoyancy.  

• The present result is decisive to the combination of 

alumina and copper nanoparticles only.  
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