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Geometric modeling for B-spline surface that involves intuitionistic data is very challenging to construct. 

In this paper, intuitionistic fuzzy B-spline for 3-dimensional data problem with intuitionistic fuzzy 

approach is introduced. Firstly, intuitionistic fuzzy control net is defined based on intuitionistic fuzzy 

concept. Later, the control net is blended with the B-spline basis function and the B-spline surface is 

visualized. A numerical example to generate the surface is also shown at the end of this paper. 
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I. INTRODUCTION 

 
 

Intuitionistic fuzzy set is one of the possible generalizations 

from fuzzy set theory that were introduced in 1965 (Zadeh, 

1965). Intuitionistic fuzzy set was first introduced by 

Atanassovin 1986 (Atanassov, 1986). Intuitionistic fuzzy set 

arise from the simultaneous consideration and existence of 

membership, non-membership and uncertainty function 

denoted by  , and  respectively compared to fuzzy set that 

only deal with membership function (Atanassov, 1999; 2012). 

Presently, the research related to intuitionistic fuzzy set have 

been studied and successfully carried out in many fields include 

sciences and mathematics such as in similarity measure, 

decision making, image processing and much more (Atanassov 

& Gargov, 1989; Szmidt & Kacrzyk, 2000; Atanassov, 2000; 

Cornelis et al. 2004; Yuan et al. 2014; Bashir et al. 2015; Diaz 

et al. 2015; Rahman, 2016; Ngan, 2016; Wang & Chen, 2017; 

Hassaballah & Ghareeb, 2017).  

The idea of intuitionistic fuzzy set appears to be useful in 

some applications. One of them is in the field of geometric 

modeling. Research of intuitionistic fuzzy set combined with 

geometric modeling have been done by Zulkifly and Wahab. 

They introduced an idea of intuitionistic fuzzy setin spline 

curve and surface which focused on Bézier spline where the 

curve and surface are blended with intuitionisticfuzzy control 

point (IFCP) (Zulkifly&Wahab, 2015). Wahab et al. (2016) 

discussed intuitionistic fuzzy Bézier model and generated 

intuitionistic fuzzy Bézier curve using interpolation 

method. They visualized intuitionistic fuzzy Bézier curve 

that consists of membership, non-membership and 

uncertainty curve by blending the Bernsteinpolynomial 

IFCP that have been defined. Later, Zulkifly & Wahab 

defined IFCP through intuitionistic fuzzy conceptwith some 

properties. They illustrated intuitionistic fuzzy bicubic 

Bézier surface through the approximation method byusing 

data point with intuitionistic features (Zulkifly&Wahab, 

2018). By usingIFCP, they also generated cubic Bézier curve 

through interpolation method and intuitionistic fuzzy B-

spline curve using approximation method (Wahab & 

Zulkifly, 2018a; 2018b). 

Surface modelling is a method of mathematical 

representations construction in the form of geometry while 

intuitionistic fuzzy set is a mathematical representations 

that aimed at the concepts and techniques to tackle 

uncertainty data problem. The objective of this paper is to 

generate and visualize intuitionistic fuzzy B-spline surface 

through interpolation method by using IFCP that have been 

introduced in previous research. This paper is organized as 

follows. Section 1 present introductions and previous works 

that related to this research. Section 2 shows some 

definitions of intuitionistic fuzzy set and intuitionistic fuzzy 

point relation (IFPR) that will be used throughout this 
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paper. In section 3, intuitionistic fuzzy control net (IFCN) is 

defined based on IFCP and intuitionistic fuzzy concept. Next, 

in section 4, intuitionistic fuzzy B-spline surface modelling is 

defined based on IFCN and intuitionistic fuzzy B-spline surface 

using 3-dimensional data problem is illustrated. A numerical 

example is also shown in this section. Finally, section 5 will 

conclude this research. 

 

II. PRELIMINARIES 

 

This section shows some basic definition of intuitionistic fuzzy 

set and intuitionistic fuzzy point relation.  

 

Definition 1. Let a set X is fixed and let A X  be a fixed set. 

An IFS 
A  in X is an object of the following form (Atanassov, 

1986): 

( ) ( )   = , , |A AA x x x x X  (1) 

where functions   →: 0,1A X  and   →: 0,1A X  

define the degree of membership and non-membership of the 

element x X to the set A, respectively and for every x X

, ( ) ( )  + 0 1A Ax x . Obviously, the ordinary fuzzy set 

has the form ( ) ( )  − , ,1 |A Ax x x x X . If 

( ) = −1A x ( ) ( )( ) +A Ax x , then ( ) A x  is the degree 

of uncertainty or intuitionistic index of the membership of 

element x X to set 
A where  0 1A .  

IFPR is developed and introduced based on the concept of 

intuitionistic fuzzy set. Let V, W be a collection of universal 

space of points in the Euclidean space and ,V W ℝ2, then 

IFPR is defined as follows: 

 

Definition 2. Let ,X Y  be a collection of universal space of 

points with non-empty set and , ,V W I ℝℝℝ, then IFPR 

is defined as 

( ) ( ) ( )
( ) ( ) ( )(

( )( ) 

 

  



 =



, , , , , ,

, | , , ,

, ,

i j T i j T i j

T i j T i j T i j

T i j

T v w v w v w

v w v w v w

v w I

 (2) 

 

where ( ),i jv w  is an ordered pair of points and 

( ) ,i jv w V W . ( ) ,T i jv w , ( ) ,T i jv w  and 

( ) ,T i jv w  are the grade of membership, non-

membership and uncertainty of the ordered pair of points 

respectively in  0,1 I . Furthermore, the condition 

( ) ( )  + 0 , , 1T i j T i jv w v w  is follows and the 

degree of uncertainty is denoted by 

( ) ( ) ( )( )  = − +, 1 , ,T i j T i j T i jv w v w v w (3) 

 

The IFPR is based on fuzzy point in the Euclidean space 

and the intuitionistic fuzzy point is in intuitionistic fuzzy 

set. 

III. INTUITIONISTIC FUZZY 

CONTROL NET 

 

The collection of all points or set of points that are used to 

determine the shape of a spline surface is called control net. 

The control net plays an important role in the process of 

generating, controlling and producing smooth surfaces. In 

this section, intuitionistic fuzzy control net (IFCN) is 

defined. 

 

Definition 3. Let 
T  be an IFPR, then intuitionistic fuzzy 

control point (IFCP) is defined as a set of points that 

indicates the positions and coordinates of a location and is 

denoted by 

 

    

+
= 1 2 1, , , nC C C C   (4) 

 

Where i is one less than the number of points, n. Hence, 

from (2) and (4), IFCN can be defined as follows; 

 

Definition 4. Let 
C  be an IFCP, then IFCN can be 

defined as collection of points +1n  and +1m  for 
C  in 

the direction of u and v respectively. IFCN is denoted by 



,i jC  that indicates the positions and coordinates of a 

location to describe the surface with  
+ +

 

= =
=

1, 1

, 1, 1

n m

i j i j
C C  
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and written as 

  

  



  

+ + + +

 
 

 
=  
 
  

1,1 1,2 1,

2,1 2,2 2,

,

1,1 1,2 1, 1

j

j

i j

n n n m

C C C

C C C
C

C C C

 (5) 

 

In the next section, intuitionistic fuzzy B-spline surface 

modelling is introduced. 

 

IV. INTUITIONISTIC FUZZY B-

SPLINE SURFACE MODELING 

 

The tensor product method is basically a bidirectional curve 

scheme that uses basic functions and geometric coefficients. 

Hence, intuitionistic fuzzy B-spline surface is defined as 

follows: 

Definition 5. Let 


,i jC  be IFCN where  
+ +

 

= =
=

1, 1

, 1, 1

n m

i j i j
C C , 

therefore tensor product for intuitionistic fuzzy B-spline 

surface is given by 

( ) ( ) ( )
+ +

 

= =

=
1 1

,
1 1

,
n m

k

i j i j
i j

S u v C N u M v  (6) 

 

where ( )k

iN u  and ( )jM v  is B-spline basis functions 

respectively in u and v directions is written as follows: 

( )

( )
( )

( )

( )
( )

+

−

+ −

+ −

+

+ +

 
= 


−
= +

−

−

−

11

1

1

1

1

1

1

0

i i

i

ik k

i i

i k i

i k k

i

i k i

if u u u
N u

otherwise

u u
N u N u

u u

u u
N u

u u

(7) 

and 

 

( )

( )
( )

( )

( )
( )

+

−

+ −

+ −

+

+ +

 
= 


−
= +

−

−

−

11

1

1

1

1

1

1

0

j j

j

j

j j

j j

j

j

j j

if v v v
M v

otherwise

v v
M u M v

v v

v v
M v

v v

(8) 

with iu  and jv  is an element of a knot vector. An 

intuitionistic fuzzy B-spline surface in (6) consists of 

membership, non-membership and uncertainty surface 

and denoted as follows: 

( ) ( ) ( ) 
+ +

= =

=
1 1

,
1 1

,
n m

k

i j i j
i j

S u v C N u M v  (9) 

 

( ) ( ) ( ) 
+ +

= =

=
1 1

,
1 1

,
n m

k

i j i j
i j

S u v C N u M v  (10) 

 

( ) ( ) ( ) 
+ +

= =

=
1 1

,
1 1

,
n m

k

i j i j
i j

S u v C N u M v  (11) 

 

 

To illustrate theintuitionistic fuzzy B-spline surface using 

interpolation method, let considered 4 4  IFCN, with 

degree of membership, non-membership and uncertainty 

written as follows: 

   

   

   

   

 
 
 
 
 
  

1,1 1,2 1,3 1,4

2,1 2,2 2,3 2,4

3,1 3,2 3,3 3,4

4,1 4,2 4,3 4,4

C C C C

C C C C

C C C C

C C C C

 

 

Each column with their respective value and 3-tuple degree 

, ,    is given as; 

( )

( )

( )

( )









 − 
  

−   =   
  
     

1,1

2,1

3,1

4,1

17,17 ;0.3,0.6,0.1

7,17 ;0.5,0.3,0.2

7,17 ;0.5,0.1,0.4

17,17 ;0.6,0.2,0.2

C

C

C

C

 

( )

( )

( )

( )









 − 
  

−   =   
  
     

1,2

2,2

3,2

4,2

17,7 ;0.8,0.2,0

7,7 ;0.7,0.1,0.2

7,7 ;0.7,0.3,0

17,7 ;0.3,0.5,0.2

C

C

C

C

 

( )

( )

( )

( )









 − − 
  

− −   =    −  
   −   

1,3

2,3

3,3

4,3

17, 7 ;0.3,0.3,0.4

7, 7 ;0.4,0.4,0.2

7, 7 ;0.4,0.6,0

17, 7 ;0.3,0.5,0.2

C

C

C

C
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( )

( )

( )

( )









 − − 
  

− −   =    −  
   −   

1,4

2,4

3,4

4,4

17, 17 ;0.5,0.4,0.1

7, 17 ;0.6,0.3,0.1

7, 17 ;0.4,0.2,0.4

17, 17 ;0.6,0.3,0.1

C

C

C

C

 

 

 
Figure 1. Intuitionistic fuzzy B-spline surface (membership) 

 

 

Figure 2. Intuitionistic fuzzy B-spline surface (non-

membership) 

 

 

Figure 3. Intuitionistic fuzzy B-spline surface (uncertainty) 

 

 

Figure 4. Intuitionistic fuzzy B-spline surface 

(membership, non-membership and uncertainty) 

 

Figure 1 until Figure 4 illustrates intuitionistic fuzzy B-

spline surfaces. Figure 1 is the membership fuzzy B-spline 

surface, Figure 2 is non-membership B-spline surface, 

Figure 3 is uncertainty fuzzy B-spline surface and finally 

Figure 4 is an intuitionistic fuzzy B-spline surface. 

 

V. CONCLUSION    

 

In this paper, intuitionistic fuzzy B-spline surface for 3-

dimensional data problem is introduced and visualized by 

using interpolation method. Through intuitionistic fuzzy B-

spline surface that have been introduced, problems 

involving uncertainty can be handled and illustrated 

smoothly. This model can be applied in image processing, 

underground economy, bathymetric data visualization and 

much more. 
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