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A Cayley graph of a finite group G with respect to a subset S of G is a graph where the vertices of the graph

are the elements of the group and two distinct vertices x and y are adjacent to each other if xy~* is in the

subset S. The subset of the Cayley graph is inverse closed and does not include the identity of the group.

For a simple finite graph, the energy of a graph can be determined by summing up the positive values of

the eigenvalues of the adjacency matrix of the graph. In this paper, the graph being studied is the Cayley

graph of symmetric group of order 24 where S is the subset of S, of valency up to two. From the Cayley

graphs, the eigenvalues are calculated by constructing the adjacency matrix of the graphs and by using

some properties of special graphs. Finally, the energy of the respected Cayley graphs is computed and

presented.
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I. INTRODUCTION

The study on Cayley graphs was initiated by Arthur Cayley in
1878 to explain the idea of abstract groups described by a set
of generators (Ghorbani & Nowroozi-Larki, 2018). The theory
has been advanced into a significant branch in algebraic
graph theory. There are many problems regarding Cayley
graphs that have been studied by many graph theorists and
group theorists.

In 1988, Babai and Seress have studied on the diameter of
the Cayley graphs of symmetric groups and the alternating
groups. Not long after, in 1993, Lakshmivarahan et. al., have
analysed the symmetries in the interconnection networks of
a variety of Cayley graphs of permutation groups. The types
of symmetry analysed consist of vertex and edge transitivity,
distance regularity and distance transitivity

Meanwhile in 2000, Friedman has shown in his study that
among all sets of n - 1 transpositions which generate the
symmetric groups, the Cayley graph associated to set S =
{(1,n),(2,n),...,(n — 1,n)} as the highest eigenvalues.
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Konstantinova in 2008, has surveyed the historical changes
of some problems on Cayley graphs such as the Hamiltonicity
and diameter problems. The author also included various
uses of Cayley graphs in solving combinatorial, graph
theoretical and applied problems. Furthermore in 2012,
Adiga and Ariamanesh have determined the number of
undirected Cayley graphs of symmetric group and alternating
groups up to isomorphism.

In addition, the study on the energy of general simple
graphs was first defined by Gutman in 1978 inspired from the
Huckel Molecular Orbital (HMO) theory proposed in 1930s.
The theory has been used by chemists in approximating the
energies related with m-electron orbitals in conjugated
hydrocarbon. Besides, its chemical applications, there are a
few applications in other field of science such as in graph
entropies (Dehmer et. al., 2015), modelling of properties of
proteins (Wu et. al., 2015) and also was used in the search for
the genetic causes of Alzheimer disease (Daianu et al., 2015).

Therefore, this paper aimed to present the energy of the

Cayley graphs associated to symmetric group of order 24 with
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respect to the subsets S of valency one and two. The
methodology consists of listing the subsets S, constructing
the Cayley graphs with respect to the subsets S, finding their
isomorphism, building the adjacency matrix for the graphs,
calculating the eigenvalues of the adjacency matrix of the
graphs and computing the energy of the Cayley graphs.

This paper is structured as follows: in Section 1, the early
studies for the topics are introduced while in Section 2, the
preliminaries results that are being used for this study are
presented. In Section 3, the main results are discussed in two
propositions and theorems and finally, Section 4 gives the

conclusion to the main results.

II. PRELIMINARIES

The followings are some basic concepts and properties that

are used in this study.

Definition 1 (Robinson, 1996) Symmetric Group
If X is a nonempty set, a bijection m: X - X is called a
permutation of X. The set of all permutations of X is a group
with respect to functional composition called the symmetric
groupson X, Sym X.When X = { 1,2, ...,n}, it is customary to
write S, for Sym X and to call this the symmetric groups of
degree n. This study focused on the symmetric group of order
24 The Sy =
{(1), (12), (13),(14),(23), (24), (34), (123),
(132),(124),(142),(134),(143),(234), (243),
(1234),(1432),(1243),(1342),(1324), (1423),
(12)(34), (13)(24),(14)(23)}. This study also focused on

denoted as  S,. elements  of

the subsets of S, of valency 1 and 2 where the valency of the

subsets is the degree of the subsets.

Definition 2 (Beineke & Wilson, 2004) Cayley Graph of a
Group
Let G be a finite group with identity 1. Let S be a subset of ¢
satisfying 1 ¢ Sand S = S~ 1;thatis,s € Sifandonlyifs™* €
S. The Cayley graph Cay(G;S) on G with connection set S is
defined as follows:
(i) the vertices are the elements of G
(i) there is an edge joining g and hifand only if h = sg
for some s € S.
The set of all Cayley graphs on G is denoted by Cay(G;S)
where S is the subset of G with a certain valency which is the

order of S.

Definition 3 (Beineke & Wilson, 2004) Complete Graph
A complete graph K,, has n vertices, each of which is adjacent

to all of the others.

Definition 4 (Pemmaraju & Skiena, 2003) Cycle Graph
A cycle graph C,, , sometimes simply known as an n-cycle, is a
graph on n vertices containing a single cycle through all the

vertices.

Proposition 1 (Brouwer & Haemers, 2011) Spectrum of
Complete Graph

Let be the complete graph K,, on n vertices. Its spectrum is

{(n - DL(-D"" 1}

Proposition 2 (Brouwer & Haemers, 2011) Spectrum of
Cycle Graph
Consider the undirected n-cycle graph C,, . The spectrum of

C, consists of the numbers {2 cos(2nj/n); j ={0,1,...,n — 1}.

Definition 5 (Bapat, 2010) Adjacency Matrix

Let I’ be a graph with V(I") = {1, ...,n} and E(I') = {eq, ..., em}.
The adjacency matrix of I' denoted by A(I") is the n x n matrix
defined as follows. The rows and the columns of A(I") are
indexed by V(I'). If i # j then the (i,j) —entry of A(I") is 0 for
vertices i and j nonadjacent, and the (i,j) —entry is 1 for i and
j adjacent. The (i,i) —entry of A(I") is 0 fori=1,...,n. A(I')
is often simply denoted by A.

Definition 6 (Bapat, 2010) Energy of Graph
For any graph I', the energy of the graph is defined as ¢(T") =
Y. |A4;| where 44, ..., 4, are the eigenvalues of the adjacency

matrix of I'.
III. MAIN RESULTS

In this section, our main results are specified in terms of
propositions and theorems. The propositions present the
generalization of the Cayley graphs of S, with respect to the
subsets S of valency one and two. Then, the results on the
energy of the Cayley graphs found are presented in two
theorems. The findings in the propositions are used in

proving the theorems following them.

Proposition 3
Let S, be the symmetric group of order 24 and S be the
subset of S, of valency one, |S®| = 1. Then, the Cayley graph
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of S, with respect to the subset S(V, denoted as Cay(S,,S™)
is UT2, K,.

Proof
Suppose S, is the symmetric group of order 24 and
Cay(S,S™) is the Cayley graph of S, with respect to the

subset S of valency one. The vertex set of the Cayley graph,

v (Cay(8,,5™)) = (1), (12), (13), (14), (23),
(24),(34),(123),(132),(124),(142),(134), (143),
(234),(243),(1234),(1432),(1243),(1342),

(1324), (1423), (12)(34), (13)(24), (14) (23)}.

Then, by the definition of Cayley graph, let S@ = {(12)(34)},

the edge set of the Cayley graph, Edge(Cay(S_4,S™)) =

{{(), A2)(BH},

{(12), (34}, {(13), (1432)},{(14), (1342)},
{(23),(1243)},{(24), (1234)},{(123), (243)},

{(132), (143)},{(124), (234)}, {(142), (134)},

{(1324), (1423)}, {(13)(24), (14)(23) }}.

Thus, Cay(S,, S™) is the union of 12 complete graphs of

two vertices, U2, K,. m

Proposition 4

Let S, be the symmetric group of order 24 and S@ be the
subset of S, of valency two, |S®| = 2. Then, the Cayley graph
of S, with respect to the subset S, denoted as Cay(S,, S®)

is given in the following;:

Ce ;S = {), (kD},

i

Cs 5§ = {@) (kD(mn)},

CriC=*

1l
i

Cay(5,,5@) =
G 5 S ={h), (Imn)},
;S = {@), (KD},

Cy  {@EHKD, (mn)(pq)}
and {(ijkl), (mnpq)}.

Proof

The proof is similar to the proof in the previous proposition.

Theorem 1

Let S, be the symmetric group of order 24 and S® be the
subset of S, of valency one. Then, the energy of the Cayley
graph of S, with respect to the subset S(, denoted as
E(Cay(S,, SM))is 24.

Proof

Consider the symmetric group of order 24, S,. By Proposition
3, the Cayley graph, Cay(S,,S®) = U2, K. By Proposition 1,
the adjacency spectrum of a complete graph, K, is
{(n- DY, (—1"'}. Thus, the adjacency spectrum of
U2, K, is 12{(2 - 1)%,(—=1)?71}. This gives the eigenvalues,
A; = +1 with multiplicity 12. Therefore, E (C ay(s4,s (1))) =
12(1) + 12(]-1]) = 24.

Theorem 2

Let S, be the symmetric group of order 24 and S@® be the
subset of S, of valency two. Then, the energy of the Cayley
graph of S, with respect to the subset S®), denoted as
E(Cay(S,, S@)) is given in the following:

32 ;S = {(i), (kD} and {(ijk), (Imn)},

12+ 12v2 ;S = {G), (kD (mn)},
24 5 S = {©) WHEDL{E) KD, (mn)(pq)}
and {(ijkl), (mnpq)}.
Proof

Consider the symmetric group of order 24, S,. By Proposition

4, Cay(S,, S@) is given in the following:

4
e s = .oy,

i=1

Cs 5 S = {(¥) (KDH(mn)},

CriC-"

Il
iy

Cay(5,5@)={"
Cs 5§ ={@k), (Imn)},
;S = @), GHKkD},

Cs  {@W) (KD, (mn)(pq)}
and {(ijkD), (mnpq)}.

From Proposition 2, the adjacency spectrum of a cycle

graph C, is {2 cos(2mj/n); j ={0,1,..,n—1}. Thus, the

adjacency spectrum of Cay(S,,S®) is given in the following:

2mj !
s{zeos0) 5| Jca,

i=1

3

Spec(Cay(S,,S?)) =

Therefore, the energy of the Cayley graphs, E(Cay(S,, S®))

is given in the following:
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32 ;S = {(i)), (kD} and {(ijk), (Imn)},
12+12v2 ;S = {@), (kD(mn)},
24 5 S = {@), KD} AE) kD, (mn)(pg)}
and {(ijkD), (mnpq)}. m

Example

Let S, be the symmetric group of order 24 and S® = {(13)}
be the subset of S,. Then, the Cayley graph of S, with respect
to the subset S, denoted as Cay(S,, {(13)}) is U2 K,.
Therefore, the energy of the Cayley graph, E(Cay(S,, {(13)}))
is 24.

Proof
Consider the symmetric group of order 24, S,and S® =
{(13)} be the subset of S,. Then, by Definition 2, the vertex x
is connected to sx where s € S.

(1) — (13) since (13)(1) = (13)

(12) — (123) since (13)(12) = (123)
(14) — (143) since (13)(14) = (143)
(23) — (132) since (13)(23) = (132)

(24) — (13)(24) since (13)(24) = (13)(24)

(34) — (134) since (13)(34) = (134)

(124) — (1243) since (13)(124) = (1243)

(142) — (1423) since (13)(142) = (1423)

(1234) — (12)(34) since (13)(1234) = (12)(34)

(1324) — (243) since (13)(1324) = (243)

(1342) — (234)since (13)(1342) = (234)

(1432) — (14)(23) since (13)(1432) = (14)(23).

The connected elements form the Cay(S,, {(13)}) is

U12, K,as illustrated in the following figure.

(1) ———(13) (1240 (1243)
(12) (123) (1420—— (1423)
(14) (143) (1234 (12)(34)
(23) (132) (1324)0— (243)
(24)————{(13)(24) (1342)——(234)
(34)————(134) (1432)——(14)(23)

Figure 1. Cay(S., {(13)})

By the definition of the adjacency matrix,
A(Cay(S4,{(13)}D) =

O o0 o0 0 O mOooo
20 2 90 =2 0 9o 2 o o
2 9 = 0 20 0 o2 o o

2 2 2 2 2 9 = 20 =
o o o o o = o oo =
2 = 0 2 2 2@ o o 9 1=}

o010

From the adjacency matrix, the characteristic polynomial is
found to be f(1) = 12* — 12122 + 66120 — 22018 + 495116 —
79241 4+ 924112 — 792210 + 49528 — 2201° + 661* — 1212 +
1.

By using the generalization of spectrum of a complete
graph, the eigenvalues can be found as +1 with multiplicity
the energy of the
E(Cay(S,{(13)})) = 12(1) + 12(I-1) = 24.m

12. Therefore, Cayley graph,

1V. SUMMARY

As a conclusion, the energy of the Cayley graphs for the
symmetric group of order 24 with respect to the subsets S of
valency one and two have been found and are summarized

as in the following table.

Table 1. Energy of Cayley graphs of S,

S| Subset S Cay(S4,S) Energy
12
1 (N LGN KD} U K, 24
i=1
4
{@), (kD3 Ce 32
i=1
6
{G@), () (D} U c, 24
o izl
12
ij), (ki
(@), (kD) (mn)} U1 Co 13
6
(i) (KD, (mn) (pq)} U c, 24
i=1
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{(ijk), (Imn)} Cs 32

(G

L

=1
6
(WD), (mnp)) e 24

i=1
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