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A Bieberbach group is defined to be a torsion free crystallographic group which is an extension of a free

abelian lattice group by a finite point group. This paper aims to determine a mathematical representation

of a Bieberbach group with quaternion point group of order eight. Such mathematical representation is

the exterior square. Mathematical method from representation theory is used to find the exterior square

of this group. The exterior square of this group is found to be nonabelian.
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1. INTRODUCTION

Mathematical method from representation theory has been
one of the important keys in the study of the structures of a
crystal. Bieberbach group is a crystallographic group. In this
research, the mathematical representation of a Bieberbach

group of dimensions six with quaternion point group of order

eight, denoted as Q, (6) is computed. Such mathematical
representation is the exterior square of Q1 (6) , denoted as

Q (6) AQ, (6) . In order to compute the mathematical

representation of the group, various mathematical
approaches have been introduced based on its property.

In 1987, by using the groups' presentation, the nonabelian
tensor square of all small groups of order up to 30 were found
(Brown et. al.,, 1987). Meanwhile, the nonabelian tensor
squares of 2-generator 2-groups of class 2 using the crossed

pairing method were computed in 1999 (Kappe et. al., 1999).

The technique of constructing a group V (G) and proving

that its subgroup [G, Gw:l is isomorphic to the nonabelian

tensor square of a group G has been developed (Rocco,

1991), but, due to the limitations of the usage of crossed
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pairing method, (Blyth & Morse, 2009) extended the method
involving v (G ) to compute the nonabelian tensor squares

of the polycyclic groups. A research on the mathematical
representation of infinite nonabelian 2-generator groups of
nilpotency class two has been conducted by using the
classification and the nonabelian tensor squares of the
groups (Mohd Ali et. al., 2007). Method developed by Blyth
and Morse has been used to compute the nonabelian tensor
square of Bieberbach groups with abelian point group
(Masri, 2009) and also Bieberbach groups with nonabelian
point group (Mohd Idrus, 2011).

The objective of this research is to find the mathematical
representation of a group which is the exterior square of a

Bieberbach group with quaternion point group of order eight.

II. METHODS

To find the mathematical representations of a group, the

method involving a group v (G ) developed by (Rocco, 1991)

is used. The group vV (G ) is defined as follows:

Definition 1 (Rocco, 1991)
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Let G be a group with presentation <G | R> andlet G” be

an isomorphic copy of G via the

mapping
@:9—g* forall g € G. The group V(G) is defined to
be

v(G)=(G,G"|R,R* [9,h"]" =[g", (h")’]
=[9,h’]*,vx,9,heG)
where " =h'ghand[g,h]=g7"g".
The important fact about v(G)is that its subgroup
[ G,G? is actually isomorphic to the nonabelian tensor

square of the group G . An analysis of the group v (G ) for

arbitrary finite and infinite groups G as a tool to compute

G ® G and other mathematical representations has been
provided (Blyth & Morse, the

nonabelian tensor square of a polycyclic group given by a

2009). Furthermore,

polycyclic presentation can be computed (Eick & Nickel,
2008). Moreover, if Gis polycyclic, then G®Gis

polycyclic. Hence, G®Ghas a consistent polycyclic
presentation (Blyth & Morse, 2009). To show that the group
is polycyclic, the polycyclic presentation has to be consistent.

Thus, the following two definitions are needed.
Definition 2 (Eick & Nickel, 2008) Polycyclic Presentation

Let Fn be a free group on generators §;,..., J, and R be a

set of relations of group Fn. The relations of a polycyclic

F
presentation " R have the form:

g =grt..gr foriel,
0;'9,0; =0j4"..g," forj<1,
9,0,9;' =979, forj<landje|
forsome | C {l,..., n} , certain exponents €, €[ for i € |

and X, ;, ¥; ;0 Z i €U forall i, J and k.

Definition 3 (Eick & Nickel, 2008) Consistent Polycyclic

Presentation

Let G be a group on generated by 0y 0,and the

consistency relations in G can be evaluated in the polycyclic

presentation of G using the collection from the left as in the

following:
0(9,9)= (99;)g  fork>j>i,
(97)oi=07"(g,0,) forj>isjel,
9;(97)=(9;9/ )05 forj>ijiel,
(9)9 =0 (g") foriel,
9,=(9;0")g, forj>iiel

forsome | {1,...,n}, € €Ll .Then, G is said to be given

by a consistent polycyclic presentation.

A Bieberbach group of dimensions six with quaternion
point group of order eight that has been considered is

isomorphic to the group below:

G :<a0’al’ll’I2’I31I 1|5||6> Whel’e

4
[0 0 1000 0]
0 00100 0
1 0 0000 0
0 -10000 0
- (1
a"000010—1()

4
0o 00001 %
4
0 0 0000 1)




ASM Science Journal, Volume 13, 2020

o
o O O
o
O O O -
o O O o
o O O o
o O O o

o
o
=
o |
N |-

o
[EN

1
T
T
o
, © ©
-
1

o
Il
r
O O O O O O Fr OO O O O O Fr OO oo o o -
L
r
L

OO0 O O0Orr OO0 OO kr oo OO0 oo kr oo @@ ©
O OO Fr OO0 O OO0 O0OFr OO0 OO0 O0OFr OO0 o0 Oo O

O O O OO FrPr O OO O O Ok O OO oo o = o
O O P OO0 OO OO FrPr OO0 O o ©O©orFr oo oo
O P O OO0 OO OFr OO O OO ©O©FPr Oo o o o
P O FPr OO0 OO FPr OO0 O Fr OO kP O o o o o

;_

|
O O O O O O P OO O O O OF OO0 OO OO O I
O O O O O P O OO0 O OOk, O OO0 oo o rFr o
O O O O P OO0 OO0 OO kFrkr OO0 OO0 oo rr o o
O O O P OO O OO0 O FPr OO0 O OO0 o rFr oo o
O O kP O OO O OO PFP OO OO OO Fr oo o o
O P O O OO O OPFP OO0 O OO OoOFr oo o oo
P P OO O OO FPr OO FrPr OO0 O PFrPr OO0 o o r o

By using matrix form above where 1, 1,,1;,1,,1;,1; are its

lattices in which its basis matrix is the identity matrix, this

group is shown to be isomorphic to a new group which is
polyeyclic, namely Q, (6) = <a, b,c,l,L,,15,1,,15, Ie> . A new

generator C is developed in the polycyclic presentation so
that it satisfies its consistency relations aligning with
Definition 3. Thus, the polycyclic presentation can vary

depending on what generator C is. Thus, by using all these
facts, the V(G)of a Bieberbach group of dimensions six

with quaternion point group of order eight is stated as in the

following:

Theorem 1
Let Q1 (6) be a Bieberbach group of dimensions six with

quaternion point group of order eight as in (1) then, its

polycyclic presentation is found to be

Q. (6)=(a,b,c, 1,1y, I, 1|
a’=cl,, b>=clLl;', c®=Il7",
b* =bc!I;*,c* =¢, ¢’ =c,
7 =1, |1b =1,,I; =|1711
=1, =1 =1
=171 =1, 1 =1
5 =10 1 =100 =10

a _ b _ c _
I5 _|5'|5 _|6'|5 _|5’

a _ b _ c _
|6 _IG’ IG _IS'IG _IG'

2)

-1
I =1

b _
Ij_j’l i

forj>i, 1<i, j<6).

Then, Q, (6) is consistent.

To find the mathematical representation which is the
exterior square of a group, G AG, the next theorem that
indicates G AG is isomorphic to I:G,G(p:l (G)is stated.

1

Before that, the following definition is needed.

Theorem 2

Let Ql(e)be a Bieberbach group of dimensions six with

quaternion point group of order eight. Then, the central

subgroup of Ql (6) , denoted as V (Ql (6)) is given as:

V(Q,(6))=(a®a,b®b,|, ®l,(a®l,)(l,®a),
(b®1)(1, ®b)).

Definition 4 (Blyth & Morse, 2009)

Let G be any group. Then T (G) is defined to be quotient

G
group V( ) O'(V(G))’ where

c:G®G—[G,G"|av(G)
defined by 6(9 ®h)=—>[g,h"’] for all g,hinGisan

isomorphism.
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Theorem 3 (Blyth & Morse, 2009)

Let G be any The

6:GAG —>[G,G‘/’l(e

é(9g /\h)=[g,h‘”l(6)

Hence, in this research, I:G, Gw] (G)is computed in
T

group. map

: > 7(G) defined by

is an isomorphism.

order to find the exterior square of a group. Since 7 (G) isa

subgroup of [g,h‘”l(G) coincides with[g,hw:'.

Therefore, for simplification, [g, h(p]is used instead of

[g’hw]def

Theorem 4 gives a complete description of the

generators of [G,G'qand [G,G(pl(e)in terms of a

polycyclic generating set of G . This theorem is used in
computing the nonabelian tensor square and the exterior

square of a group G .

Theorem 4 (Blyth & Morse, 2009)

Let G be a polycyclic group with a polycyclic generating

yJy. Then [G,Gw] a subgroup of

, a subgroup of 7 (G ) is given by

[6.67] ¢, =([o7 a1 [97.(a)"])

for 1<i< j <k, where

sequence J;,

v (G ) is given by

[6.6°]=([5.07] 07\ (o7)

and |:G, Gwl(

g,,

gg]>

1 if|gi|<oo,
E =
+1, if|gi|:oo
and
1 if |g;] <,
5=
+1, if | =0

III1. RESULTS AND DISCUSSION

A mathematical representation, namely the exterior square

of Q(6)AQ,(6), is presented in this section. As

mentioned in Section II, the subgroup ofV (G ) ,

[G ,G? ] ©) isisomorphic to the exterior square of a group,
T

therefore the exterior square can be computed by finding its

[Ql (6) Ql (6):IT(G)

is presented as follows:

. Thus, the exterior square of Q, (6)

Theorem 5

The exterior square of Q; (6) is nonabelian and is given as

Q(6)AQ (6)=(anb,anc,caaanl,anl,l, g,
anlg,bal,bal,l, AbbAl,l AD,
b/\|6,C/\|2,C/\|6>.

Proof

The exterior square of Q1(6) is to

[Q(6).Q(6)],

Theorem 4, I:Ql (

isomorphic

by Theorem 3. Then, based on

Q(6)]

is generated by
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However, some of the generators can be eliminated since

some of them can be written in terms of other generators.

First, note that all elements in V(Q, (6))are trivial in
Q.(6)~ Q. (6)-
[a,a®],[b.b? ][ 1,17 ], [a.b”|[b.a],
[al?][l.a° Jand [b,17|[1,,b” |are wivial in
[Q(6).Q(6)] ,

By using the relations of Ql (6) in (2) and some properties

Then, by Theorem 2 and 3,

of the commutator calculus, the following results are

obtained.

For examples,

[a,b*]:
[a™,b?]1=[a" [a,b]"][a,b’]™
=[a™,(cl;)"][a,b’T"
=[a™ I’ ][a™,c’][[a™, c], (1) 1[a,b"]™
=[a™, I’ [a™*,c’1[a, b’
=[a,’T"[a,c"1"[a,b"]"
=([a,a”]*[a,c’]) '[a,c’]'[a,b]"
=[a,c’][a,a’T’[a,c’] '[a,b”]™
=[a,a"[a,b"]"
=[a,b?]™".
[a,b"]1=[b"[a,b]"][a,b’]™
=[b™,(cl;)"1[a,b"]™
=[b™,1,71b~, ¢ 1[b™, c], (1) 1[a,b"]™
=[b™ 1.7][b™,c][a,b’]™
=[b,1"T"[b,c’1[a,b"T"
=[b,1;"T"[b,b’T*[a,b"]™
=[b,1;"T"[a,b’1T™
—[a,b’T™
[a™,b*]=[a",[a,b] “][a,b*]"
=[a™,(cl;)][a,b"]
=[a*,c[a™ I ][a ™, 1, ],c 7 ][a,b?]
=[a,c”][a,15"][a,b”]
=[a,c’][a,a”]?*[a,c’] '[a,b?]
=[a,a’T’[a,b’]
=[a,b”].

[a, b“’T[a,b"’] is
[ba’|=|a, b”]_l [ab?][ba’].

[a,b?][b,a |is trivial in [ Q(6)

[b, a‘q = [a, bw:l_l . Next,

Since trivial, then

However, since

Q(6)],,

, then
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[b™,a’]=[b"[b,a]’[b,a’]"
=[b™,(c™1;7)7][b,a’]"

=[b™, 171, ¢ 1[[b ™, ¢'], (Is) “][b,a’T™

=[b™, g b, c?][b,a’T™"

=[b,.,”][b,c”][b, a’]*

~ b, 1 ][b,b"T’[a,b"]

= [bI"][a,b"].
[b,a*]=[a* [b,al’]lb,a’T"

~[a*, (1) b, &

=[a™l;][a™, c’Il[a”,c™1, () “1b,a’T™

=[a™ 1, "][a™,c*][b,a’]"
=[a,1"1[a,c"][b,a"T"
=[a,c’]"[a,c’][b,a’]™"
=[a,b’].

[b*a”]=[b",[b,a] “1[b,a™]"
=[b™,(Is"c™)][b,a’]
=[b™,(cl;)"1[b,a”]
=[b7, 1”16, c”][[b~,c],I;"1[b, a"]
=[b*, Is“’][b’l, c’][b,a’]
=[b, |5"’]_1[b, ¢’ '[b,a’]
=[b, IS‘”]_l[b, b?1?%[a,b’]"
=[b,I’T'[a,b?1™.

By the relations of Q, (6) in (2) a,b, |5 and |6 commute

with C. Moreover, |5 and |6 also commute with a . Then,

=0T D 10T
[ =D e ] e =0 T
(17500 =054 ] Tana [1,4,,2 ] =[15,00 ] - since
[0, ]=1 ana [1;,1;]=1, then [1,1;* |and[1;,17 ]
12 = (1) =1,
1;” =(I;) =1, At the end, the remaining generators of
[Q(6).Q(6)] e [ab"][ac"] [ca”]
b7 ] [l ] [l [al ] [b7 ],
01T [T [ (1] 0. e

and [C,|6¢]. Then, by Theorem 3, Q1(6)/\Q1(6)is

| commutes  with Ij for all 1<i< J<6,

are also trivial because and

generated by
anb,anc,caa,anl,anl,l, ra,anl,bal,

bl Ab DAL, ADD AL, CAL and CAl;. The
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next step is to show that Ql(6) /\Ql(6)is nonabelian.

Since,

[[a,b”][a,1,"]1=[[a,b].[a,1,]°]
= [C|5, (|2|4_1)¢]
=[c, (1,1, )7 Me, (L1, 11710, (1,1, 7))
=[c, (L) I, 710, (1,1, )]
=[c, (1., )]
=[c, (1,7 1le. 7 1Mle 1,11,
=[c. (1,7 1e, 1,710, 1,77
=[c,1,’T [c,1,0]
=([c.1,’T) e, 1]
=[cI,’T

=1
Then, I:Ql (6) ' Ql (6)1(6

Q1 (6) AN Ql (6) to be nonabelian.

)is nonabelian which implies
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