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The present study considers the mathematical modelling of mixed convection boundary layer flow and 

heat transfer on a solid sphere immersed in a nanofluid with viscous dissipation effects. The 

transformed partial differential equations are solved numerically using the Keller-box method. 

Numerical solutions are obtained for the reduced Nusselt number, the reduced Sherwood number and 

the reduced skin friction coefficient. The features of the flow characteristics for various values of Prandtl 

number, the mixed convection parameter, the Brownian motion parameter, the thermophoresis 

parameter, the Lewis number, and the Eckert number are analysed and discussed. It is found that the 

increment of the Brownian motion parameter and the thermophoresis parameter reduced the heat 

transfer rate at the surface. 
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I. INTRODUCTION 

 

Convection is a motion that happens within a fluid from a 

warmer area, which is less dense, to a cooler area, which 

has slower moving molecules. This phenomenon usually 

involved medium, liquid or air, such as electrolyte, water 

and oil. The base fluids like water, and oil which have low 

thermal conductivity can be engineered by colloidal 

suspensions of nanoparticles in order to enhance the 

thermal conductivity. This upgraded fluid is called 

nanofluid, which was first termed by Choi (1995). Nanofluid 

is used widely in automotive applications for example as 

engine oil, brake fluid, radiator coolant, fuel additive, and 

battery devices. This situation attracted researchers to 

deeply study the heat and flow characteristic of nanofluid. 

The objective of the present study is to solve the 

mathematical model for the mixed convection boundary 

layer flow on a solid sphere immersed in a nanofluid with 

the presence of viscous dissipation. It is known that Yuge 

(1960) was the first who considered the experimental 

study on the mixed convection boundary layer and heat 

transfer on the sphere surface. Study on sphere surface 

continues until 21st century for example from the works by 

Nazar et. al., (2002; 2003)and Salleh et. al., (2010a; 

2010b)who extended this study to a micropolar fluid with 

different boundary conditions, namely the constant wall 

temperature, constant heat flux, and the Newtonian 

heating, respectively.  

Recent works in the same topic include Mohamed et 

al. (2016), Aziz et. al., (2017), Ashraf et. al., (2017), 

Sheikholeslami et. al., (2018) andYuan et. al., (2018)who 

investigated the free, forced and mixed convection flow on 

a sphere surface in viscous fluid, water-based nanofluids 
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and viscoelastic micropolar fluids with the presence of 

viscous dissipation, magnetic field and thermal radiation 

effects, respectively. 

 

II. MATHEMATICAL FORMULATIONS 

 

Consider a solid sphere with radius a  heated to a constant 

temperature w
T  embedded in a nanofluid with ambient 

temperature .T The orthogonal coordinates x  is 

measured along the sphere surface, starting from the lower 

stagnation point 0x =  and y  is measured along the 

distance normal to the surface of the sphere. The radial 

distance from the symmetrical axis to the surface is denoted 

by ( ).r x The dimensional boundary layer equations are: 
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with boundary conditions  
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where u and v are the velocity components along the x  

and y  axes, respectively. ( )eu x is the local free stream 

velocity,  is the dynamic viscosity,   is the kinematic 

viscosity, g  is the gravity acceleration,   is the thermal 

expansion coefficient, c  is the concentration expansion 

coefficient, T  is the local temperature,   is the fluid 

density and p
C  is the specific heat capacity at a constant 

pressure.  is the ratio of the effective heat capacity of the 

nanoparticle material and the heat capacity of the nanofluid 

while B
D and T

D are Brownian diffusion and 

thermophoresis diffusion coefficients, respectively. 

Furthermore, C  is the nanoparticle volume fraction, w
C  is 

the nanoparticle volume fraction at the surface and C
  is 

the ambient nanoparticle volume fraction. Further, it is 

given that  
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introduced as follows:  
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with 

( ) ( , ), ( , ), ( , ),    = = =x r x f x y x y x y
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where   is the stream function defined as 
1

u
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=



and
1
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
which identically satisfies Eq. (1).  and  

are the rescaled dimensionless temperature and 

nanoparticle volume fraction of the fluid while Re
x

U a


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is the Reynolds number. 

Substituting Eqs. (7) and(8) into Eqs. (1)-(5), the 

following non-dimensional partial differential equations are 

obtained: 
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with considering the concentration which also known as 

mass transfer Grashof number.  Further, 
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The physical quantities of interest are the skin friction 

coefficient ,
f

C  the local Nusselt number x
Nu  and the local 

Sherwood number x
Sh  which reduced to(Mohamed et al., 

2018): 
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III. RESULTS AND DISCUSSIONS 

 

The partial differential equations (9)-(11) subject to the 

boundary conditions (12) were solved numerically with 

seven parameters considered, namely the Prandtl number 

 the mixed convection parameter the concentration 

mixed convection parameter the Brownian motion 

parameter thermophoresis parameter  Lewis 

number  and the Eckert number  In order to 

validate the numerical results obtained, the comparison 

with previously published results has been made. Table 1 

shows the comparison values of the reduced Nusselt 

number  for various values of It was found 

that the result is in a very good agreement, hence it is 

concluded that the Keller-box method works efficiently in 

solving the present problem thus providing the accurate 

results.  

Tables 2 presents the values of the reduced Nusselt 

number  with various values of  and  

From Table 2, it was found that  is a 

decreasing function of  It is a physically indicates that 

the convective heat transfer capability is reduced along 

the sphere surface. As increases, it was found that 

also increases. Further, it is understood that 

a decrease in accelerates the separation layer which 

causes turbulence flow. This situation reduces the 

occurrence range of laminar boundary layer flow on the 

sphere surface. 

Next, Figures 1 to 6 show the variations of the reduced 

Nusselt number  reduced Sherwood 

number  and reduced skin friction coefficient 

against  for various values of pertinent 

parameters discussed, respectively. From the numerical 

results obtained, it was found that most calculations 

encounter singularity after 2 /3.=x  Furthermore, 

there are also the calculations that give negative values of 

which denotes as the reverse direction of 

flow convection. Therefore, in this study, the discussion is 

limited from lower stagnation region ( )0=x  until

Pr, ,
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,
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2 /3=x with only considering the positive value of 

 

From Figures 1 to 3, it was found that  is 

a decreasing function of  for 0.Ec  The increase of 

, ,t bN N Le and   contributes to a decrease in 

 Similar behavior occur in Figures 2 where 

the increase of  accelerates  to approach 

0 and thus gives drastic reduction in convective heat 

transfer process.  Further, it is concluded that the increase 

of Ec  accelerates the layer separation. In Figure 3, the 

huge increase of   only gives a small impact on 

The effect of  on  is more 

significant with large . Meanwhile, the increase of

gives an increase on  at the stagnation region 

( )0 .=x  This situation goes contrary as the flow passes 

to the middle of the sphere surface. 

 

Table 1. Comparison values of  with previously published results for various values of when 

Pr 0.7, 0.
b t

N N Ec Le= = = = = =
 

 Nazar et al. (2003) Salleh et al. (2010b) Present 

-4.0 0.6534 0.6528 0.6528 

-3.0 0.7108 0.7099 0.7095 

-2.0 0.7529 0.7519 0.7516 

-1.0 0.7870 0.7860 0.7858 

-0.5 0.8021 0.8010 0.8009 

0.0 0.8162 0.8150 0.8150 

1.0 0.8463 0.8406 0.8406 

2.0 0.8648 0.8636 0.8636 

3.0 0.8857 0.8845 0.8845 

4.0 0.9050 0.9038 0.9038 

5.0 0.9230 0.9217 0.9217 

6.0 0.9397 0.9385 0.9385 

 

Next, Figures 4 and 5 present the variation of 

for various values of , ,Le Ec and . Again, 

it can be concluded the decreases along  for 

various , ,Le   and certain values of  It is 

physically a sign of reducing in convective mass 

transferability as the flow passes the sphere surface. 

Further, the increase of , ,Le Ec and   results in the 

increase of In Figure 4, it is worth 

mentioning that is unique for any  at the 

stagnation region, which is clear from Eq. (10). This 

unique polar shows that has no influence at the 

stagnation region ( )0 .=x  Meanwhile from Figure 5, it 

is suggested that the influence of   is more pronounced 

at the stagnation region. This may be due to the no-slip 

properties or no velocity gradient at the stagnation region 

thus it contributes to the maximum capability in 

convective mass transfer on the sphere surface.  
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Lastly, Figures 6 and 7 illustrate the variation of 

 for various values of , ,Le Ec and . From 

both figures, the solution is unique at the stagnation region 

before spreading up as increases. It is seen that 

 increases from stagnation point to a certain 

point then decreases back such a quadratic curve. Next, 

noticed that the increase of , Ec and  results in the 

increase in  while  does oppositely. Further, 

it is shown in Figure 7 that the increase in  delayed layer 

separation. 

 

Table 2. Values of for  and when  

and  

 

 

 

 

 

 

 

Figure 1. Variation of with b
N and when 

Pr 1, 0.1Ec = = = =  and 10.Le =  

 

Figure 2. Variation of with Ec and  when 
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t b
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Figure 4. Variation of with Ec and  when 

Pr 1, 0.1
t b

N N= = = = and 10.Le =  

 

Figure 5. Variation of with Le   and  when 

Pr 1= = and 0.1.
b t

N N Ec= = =
 

 

Figure 6. Variation of with Ec and  when 

Pr 1, 0.1
t b

N N= = = = and 10.Le =  

 

Figure 7. Variation of with Le   and  when 

Pr 1= = and 0.1.
b t

N N Ec= = =  

 

IV. CONCLUSION 

 

In this study, the problem of mixed convection boundary 

layer flow and heat transfer on a solid sphere embedded in a 

nanofluid in the presence of viscous dissipation was solved 

numerically. It was shown how the Prandtl number Pr,  the 

mixed convection parameter ,  the concentration mixed 

convection parameter the Brownian motion parameter 

,
b

N  the thermophoresis parameter ,
t

N the Lewis number 

Le  and the Eckert number Ec influenced the local Nusselt 

number, the local Sherwood number, and the skin friction 

coefficient. It was found that the Nusselt number has a 

negative function along the sphere surface.  

It was observed that the small increment of the 

Brownian motion parameter and thermophoresis 

parameter gave a large reduction on Nusselt number while 

large changes in Lewis number gave a small reduction. In 

considering the effect of viscous dissipation, it is suggested 

that the increase of Eckert number results in the increase 

of both the Sherwood number and the local skin friction 

coefficient. Lastly, from the numerical computation, it is 

understood that the decrease in mixed convection 

parameter and concentration mixed convection parameter 

accelerated the separation layer which causes the 

turbulence flow. This situation reduces the occurrence 

range of laminar boundary layer flow on the sphere 

surface. This indicates that the occurrence of separation 

flow on opposing flow is faster than the assisting flow. 
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