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In this paper, we investigate certain subclasses of analytic functions by means of integral operator

connected with the incomplete beta function. A method of Noor integral is used to form a new integral

operator. Various properties of these subclasses are considered. These include inclusion relation and
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I. INTRODUCTION

Let A denote the class of functions of the form

oQ
flz)=z+ Z a2, €]
k=2
which are analytic in the open unit disk

U={ze€C:|z|] <1}. For 0 < a < 1, we denote by
S*(a), K () the subclasses of A of all analytic functions
that are starlike of order «¢ and convex of order o

respectively. In particular, the classes

S*(0)=S5*,K(0) =K.
Padamanabhan & Parvatham (1975) introduced a class

P(p) of functions 7(z) which are analytic in U, satisfying

the condition 7(0) = 1 and
mB{T(Z) - ,0} ’ 4o < k?l_, (2)

27
/0 l—p
where z = re’?, k> 2, and 0 < p < 1. For p = 0 the
class Py (0) = Py, was introduced by Pinchuk (1971). Also,

*Corresponding authot’s e-mail: maslina@ukm.edu.my

we note that Py (p) = P(p) where P(p) is the classes of
functions with real part greater than p and, P2(0) = P,

where P is the class of positive real part. From (2) we can

easily deduce that

1 (714 (1—-2p)ze
=3 | Wi, o

2 Jo 1 — zemit
where 14(t) is a function with bounded variation on [0, 2],

such that

I 2T
0 0

From (2) and (3) it can be seen that 7 € Py (p) if and only
if there exist 71, 72 € P(p) such that

7(z) = (g + %) 7i(z) — (% - %) n(). @

For more details in deriving (4), one can refer to Noor et al.,

(2012).

If f(z) of the form (1) and g(z) =z + > ;25 b.z" are
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two functions in A, then the Hadamard product (or
convolution) f % g is defined by

F) *g(z) =2+ Y axbiah,

k=2
For a >and b > (), we define the function f(a, b)(z) by

(z € U). (5)

o0

Z

k=

fla,b)(z = ¢(b, a; 2), (6)

/—\|/—\

where (v); is the Pochhammer symbol (or the shifted

factorial) defined (in terms of the Gamma function) by
1, k=0, € C\{0};
v+ 1)(r+2)..v+k-1), ke N={1,2,3,..},

(7)

and (b, a; z) is the incomplete beta function defined by
o(b,a;z) = 29F1(1,b;a, z), such that zoFy(a,b;c, z)

is the well-known Gaussian hypergeometric function given

by the series
o k
a)p(b)p z
ZQFl(aab; c, Z) = Z (z?’)()kk'!
k;:[) e k ‘e

Form,d € Ny ={0,1,2,..}, A2 > Ay 2 0,£ > 0,and
£ 4+ d > 0 the authors in (Oshah & Darus, 2014) have
defined a function MY A1 Aafod 38 follows:

k=1

M ad(?) -
nee Vb

V5,0 T (k- 1)] ;®
where
Vi, ea =41+ Aok —1)) +d

Now to get the integral operator, we follow methods by

Noor (1999) and define a function[M’;'i Ao .f,d(z)} -

in terms of Hadamard product (or convolution) by

IVI?ﬂ,,\g,E,d{Z) * [MKE‘AQ,f,d(Z)Tl = W:
(p>—-1,z€ ), (9)

where

z _Z(,LL‘F].),QLK( EU)

(1= z)mtt = (D1

Then we have the integral operator

k=1

Kt A Assilons
-1
)\1 )\z Z, df(z [Mz\nlaf\2’f)wd(z)] * f(ZL (10)
where,

(fEA,m,dENo,)\Q > M 20)
(£>0,+d>0,p>—1)

For a function f(z) € A given by (1), it is easy to see

from equation (10) that

/\1 )\z I3 of (2) =

ok m
24 00, [viz,e‘diﬁf{k 1)] (u (Zl)lk)l apz*, (11)

m,deNyp,Aa>X >0,>0,z¢€ Uand

{4+d>0.

Next, we define an operator

I, ealasc) o A— Aby

@ Iyh, @O f(2) = flab)(z) « T, f(2),  (2)

such that Ij\Tz’.ﬁ,‘iz.E 4f () is given by (10) and f(a, b)(2) is

(8)

given by (6) with m.d € Ny, A2 > A1 > 0,¢ >0 and
{+d>0.

Note that Igf)\z,&d(l‘ 1)f(z) = D"

Igf)\%e,d(“a b)f(z) = L(b,a)f(2)

Ruscheweyh and Carlson-Shaffer derivative operators,

and

which are

(?gspectively (Ruscheweyh, 1982; Carlson & Shaffer, 1984).

It is readily verified from (12) that

Iy

A“\zm(lﬁﬁ‘l) (z) = f(2),

IS},;QLC;(G: a)f(z) = zf’(z),
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NTES
WIS, 0 al@ D) F(2) = (u+ DITRT (e 0)f(2)

—2 (T, ealasb)F(2)
(a — l)I;n'i25g‘d(ﬂ+ 1,b)f(z) = aZ}" Dok, Jla,b)f(z)
AT, a0+ LD

For £ > 2,0 <y <1and 0 < p <1, we introduce the

following subclasses by using the integral operator

IV, 0ala, D) f(2),

Qi (a.byy.p) =

{fed:
AT, 0@ D)) + 92T e, ()"
((1 NI, @ D)) +92(T0%,  glat ))f(,:)y) €Pilp)z €U,

T;\-m”“(a" by, p) =
{fea @ densey

Note that

() Qﬁ“‘(u +1,1,v,p) =
Op(a,b,~v,p) is  defined by

@ Q)" (1 +1,1,1,0)

Qu(a, b,~, p) where the class
Noor (1999).

= V. where the class V, is

defined by Loewner (1917) which is the class of bounded
boundary rotation, and studied by Paatero

(Paatero,1931;1932).
@ (1 +1,1,0,p) =
@ Q9" (1 +1,1,0,p) =

S*(p).
K(p).

In the present paper, by using the same techniques of
previous work, we extend the results of Lucyna (2013)
which are also an extension of the work done by Noor

(1999).

(I 0ql@:0)f(2)" € Pelp), 2 € U} .

II. MAIN RESULTS
The following lemmas will be used in our investigation.

Lemma 1 (Ruscheweyh & Sheil-Small, 1973) Let [ € K,

and g € 5%, then for each analytic function H,

(f = Hg)(U)
(f = 9)(U)

where ¢coH (U) denotes the closed convex hull of H (U).

C eoH(U),

Lemma 2 (Ruscheweyh 1982) Let 0 < a < b. Ifb > 2 or
a + b > 3, then the function ¢(a, b; z) belongs to the class

K of convex functions.

Lemma 3 (Noor 1999) Let
fePrla),ge Pe(B), for a<l, <l
(f*g) € Pr(d), whered =1 —2(1 —a)(1 — 53)

Then

Theorem 4 Let
0< by <by,0<ar <az,0<p<1,wehave:
@ Ifby = 2 or by + by > 3, then
Q5" (a,ba, vy, p) C Q5" (a,bi,7,p)
(i) If gy > 2oray + as > 3, then
Q5" (a1, b,v.p) € Q3" (az, b, v, p).
Proof. (i) Let f € Q""" (a, ba,~, p) and we set

Pi(z) =

AT, a0 () 9220, | alobi)f(2)"
T, £ e T, (@b )

1=1,2.

From the definition of QL""(a,ba,v,p), we have

+(1—2p)z

T’ then from definition of

Py(z) < 71(2) =
subordination there exists an analytic function w in U with
lw(2)] < 1 and w(0) = 0 such that P(z) = 7(w(2)).
Since we can write

Im’,ﬁz,e,d(aab)f( z) =

we have

(b, a; z) *I{T\Ii ’iz ¢qf (%), then
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Pl(z) =

2p(br,a;2) * TUK o f (2)) + 422 (b1, a;2) x TR, 4 f(2))”

(1 —7)(p(b1,0a;2) *Im’)\z pdf( z)) + vz(o(b1, a; z) *I;leg\z,g.df( z))!
Z(d’(b‘Z:a; z) *@(blyl)Q;fZ) *I)Tc&zpdf(z)) +722(¢ (b2, a; z) *Cf)(bl ba; )*Im Kzgdf ))’

T =) (0(bs a5 2)

2(p(br, bas 2) * I\, 4 4(as b2) f(2)

(b1, b2; 2) *I),(i F)L\z gdf(z))
) 422 (p(br, bas 2) x IYVK, y(a, b2) f(2))"

vz (@(ba, a; z) * (b, anZ)*Im,)\zgdf(z) )!

T A=) (@1 b 2) + I, (@ 52)F(2)) + 120000 b2 2) * Tp ., o, b2) F(2))

B(b1, ba: 2) * [(ZIE 4 (@ b2) F(2)) + 22T, 2(a.52) F(2))")

= pbr bz 2) * (1= NET0A, (@ 02) F(2) + 72 (T80 4 a(a,b2) (2))]

B(b1,b: z)

[Pa(2)-h(2)] _ (b1, ba; 2) +

[r(w(2)).h(2)]

d(b1,ba; z) * h(z)
where

h(z)

d(by,ba; z) * h(z)

(1 =@, eala: b2) f(2)) + 72T, 440, b2) f(2))

It follows from Lemma 2 that the function ¢(by, bo; z) is

convex, and it follows from the definition of

Q™ (a, b, v, p) that
zh'(

Re{F5 ) = Re(Pa2)} > p 20

that is /:(z) is starlike function of order p.

Therefore, applying Lemma 1 we get

¢y, ba; 2) * [1(w(2)).h(z)] _

(b1, bo; 2) * h(z) cot(w(U)) C 7(U),

since T is convex univalent, thus #; < 7, or equivalently,
f € Q7""(a,by,~, p), which completes the proof of part
®.

(ii)) We omit the details of proof for part (ii) since it is

similar to part(i). Theorem 4 is proven.

0<p<L0<pr < py,
p1, 2 > —LIf po > lor py + p2 > 1, then
Q3" (a,b, v, p) € Q5" (a, b7, p).

Theorem 5 Let and

Proof. Let f € Q)" (a, b, v, p) and we set

Qi(z) =
TR dla, D) f(2)) + 722 (T8, (e, b) f(2))"

(1=, al@, D) f(2)) + 72T, fala,b)f(2))
1=1,2.

From the definition of
Q2(z) = 7(w(z)). Setting
I e 0al@ 0) f(2) = @ (2) * IR 4la,b) f(2),

o (1+1)p—1 o
k=1 (p2+1)r_1

Q5" (a,b,~, p), we have

where 3 (2) = , then we have

2 (2) % I, ¢ 4la0)F(2) + 92 (a (2) = T 4 4, D)f(2))"
(1= (2) * TN, 44, 0) (2)) +v2(l(2) TN, 4 0. 0)f (2))

_ 9’/‘#2 [z I:\ri Lf\ipd(a b)f(z))’Jr'\,z (I,r\ri ﬁifd(a.b)f(z))”]
s (2) * [(1 =T 4 @, D) f(2)) + 12T, (@, ) f(2))]

Pz (2) * [Qa(2).
gam(z)*h( )

w(2)] _ pha(2) * [T(w(z)-h(=)]

@iz (2) * h(z)
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= NI nala D) f(2)+

V2R, eala D) f(2)).

AL

It follows from Lemma 2 that the function ¢},}(z) is

convex, and it follows from the definition of
Q" (a, b, , p) that

Re{ 5} = Re{Qa(2)

that is /(z) is starlike function of order p. Therefore,

}>p=0,

applying Lemma I1.1, we get

iz (2) * [T(w(2))-h(z)]

ehs(z) * h(z) C eor(w(U)) C 7(U).

Since 7 is convex univalent, thus {}; < 7, or equivalently,

f E Q;n”ul (a1 b: '77 ,0)

Theorem 5.

This completes the proof of

Theorem 6. For 0 < p < 1, > —1, then

Mt (a,b,y, p) C QT (a,b, v, p).

Proof. Let f € Oy v+l (@, b,, p) and we set

Fj(z) =
z(If:f\jzf o, b)f(z))'Jr”,/zz(l'””wr1 Ja,b)f(2))"
(L= T4 b f(2)) +12(T4T 0, ) f ()

1=1,2.
From the definition of Qj"" +](a,b,’\/,p), we have
Fi(z) = 7(w(z)). Setting

Tk

Ay Ao, d(a, b)f(z) =

2k

oul(2) x TUATL (@, b) f(2),

(#+1 k=t k

(e e , then we have

where @, (z) =

Al TP e B(2)) + 922l < T4 e b))

R(z)=
& (1=)lpule) I;”'tj\ 14(‘1 0)f(z)) +v2lpulz )*I,T\Ti!j\i—.]fd( D))

oul2) * [Ty D) (2)) + 22T (0, 0)f(2)]

gl (L= e f)f(z)) + AT @, 0) 1 (2))]

that is

Z} * [Fl
Pulz) *

Here
h(z) = (1 =)(Z

+1
+77(If\’j "/‘\2 cala,

)-h(2)]

_ oulz) * [r(w(2))-h()
hz) |

pulz) * h(2)

m 1

AsAz, L, d(aa b)f(2))
b)f(2)).

It follows from Lemma 2 that the function ¢, (z) is

convex, and it follows from the definition of

Q5" (a, b, 7, p)

that Re{ZE} = Re{F (2

)} > p >0 thatis h(z) is

starlike function of order p. Therefore, applying Lemma 1

we get

Pu(z) * [T(w(2)).h(2)]
Pul2) * h(2)
Since T is convex univalent, thus £y < 7, or equivalently,
€ 9y""(a,b,~,p). This

Theorem 6.

C cor(w(U)) C 7(U).

completes the proof of

Remark 7 If we put

m=Ff=d=a=b=1, =0, in Theorem 5 and
Theorem 6, we notice that Al-Abbadi and Darus in (Al-
Abbadi & Darus, 2010) obtained the same result, for

P B2 PR () C B () and

PIMt(h, B) € PR(h, B).

Theorem 8 Let a,0 > 0,<v<1,0<p <1, then we
have

() Let 0 < by < by. If by > 2 or by + by > 3, then we
have

T a,ba, v, p) C T (s b1, v, p).

(2) Let 0 <ay; <ao. If ag > 2or ay + az = 3, then
we have

T (a1, 0,7, p) € T, (a2,b,, p).
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Proof. Let [ € nm’#(a, b2, 7, p), and let us define

Proof. First we assume that f € 7}:”’#((1, b,v.p), g€ A

and .‘Re{@} > 1/2, and we define

Q= (I;\rll:f;%f,d(as h-i)f(z))! + VZ(I;\IIL‘,L;\Q,Q,J(W bz—)f(z))”,

then from the definition of 7;"1’# (a,ba,7y,p) we have

()2 € Py(p), or equivalently

Q2 = (% + %) T1(z) — (% - %) 2(2),

where 7; € P(p), i = 1,2.... We note that

Q1(z) = (¢(br1,a;2) * I;Gf\zgdf(z)),

+y2(p(b1, a; z) * I;’::’:‘f\z:&df(z))”

= (B(b1,bo; 2) * P(ba, a3 2) x T, f(2))
+72(p(b1, b2; 2) x P(b2, a;2) * I;\?f)t.bg,df(z))ﬂ

_ B(by, ba; 2) .

Qa(2)

i (£ (53]
(502) (2252 )

(A1) (B2 ).

By Lemma 2, we have that ¢(by, ba; z) € K and by using
the established
feK = fes (1/2) = Ref{LE} > 1/2, and by

relation

definition of (p) we obtain M € P(1/2). Since
7i(2) € P(p),i = 1,2, then from Lemma 3 with & = 2
Hutaz) 4 1i(2) € PS),
d=1-2(1-1/2)(1 —p) =p, what means that

we get where

Q1 € Pr(p) , hence f € %m‘“(a, b1,7, p). We omit the
details of proofs here since it is similar to that of the first

part. Thus, the proof of Theorem 8 is complete.

feT ™ (a,b,v,p), g€ A and
z e .

Theorem 9 Let
Re{2L2} > 1/2 for Then

fxge T (a,b,7,p).

Ti(2) = [, a0, D) ()]
T, @ DR 2 € U

and

To(2) = [T, ala D)+ 9)(2)]
2T, a0 D) *9) (), 2 € U.

From the definition of 'Tgn’# (a,b,, p), we get

Ti(z) = (g + %) n(z) - (g - %) ()

where 7; € P(p),4 = 1,2. Note that

Ta(z) = [p(b,a; 2) * TN, 4 (f * 9)(2)]
+ vz[p(b, a; 2) * IT\TH 4 o(f * 9)(2)]”

= [p(b,a;2) « K 4 4(f * 9)(2))
+yzlp(b,as2) « IR, 4(f * 9)(2)]”

= 18 s [(p(b,a; 2) * TIH_, o f (2))
+yz(p(b, a;2) * IV, 4 f(2))"]

= 95 4 Ty (2)

9z) £ fp(%) and T7(z) € P(p). Then putting

since =
o= %, 3=p in Lemma 3, we conclude that
T5(z) € P(p). The proof of Theorem 9 is complete.

Remark 10 We remark that the class of functions in A

with Z}ie{@} > 1/2 is known to be equal to the closed
convex hull of the convex functions oK (Hallenbeck &
MacGregor, 1984).

Thus in the last theorem we showed that the class
To""(a,b,,p) is invariant under the convolution with

functions of ¢o k.

Now by relation

applying the
feK=fes5(1/2) = Re(L{Z} > 1/2,

we get the following corollary:

Corollary 11 Let [ € 7.""(a,b,, p). Then
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g €S (1/2) = f+g €T, (a,b,7,p),
@g€e K= frgeT " (ab~,p).

Next, we consider results related to Miller & Mocanu

(2000) as follows.

Remark 12 Let a and c¢ be the complex numbers with
c#0,—-1,-2,....
function

We consider the defined by

M(a,c;z) =1 Fi(a,c;z) = Z (a k #*

The function M (a, c; z) is called the confluent (or Kummer)
hypergeometric function.

If Re (c)> Re(a)>0, M (a, c; z) can be represented as an

integral
M(a,c;2) = % fol el#ta=1(1 — t)ea1qt.
Miller & Mocanu (2000) showed that for
a,c € R,c> R(a),
1
2(1—a) if a<1,
5 1 3
Rla)=4(1-2a)%+2 if —<a<2, @3
(a) ( a) +4 if 15e<p 3
3
2 if —<a
a if 1S a,

and the function zM(a, c; z) is starlike of order 1/2 in 1.
Thus, we immediate obtain the following:

Corollary 13 If a,c¢ € R, and ¢ > R(a), where R(a)is
given by then
feT " a,by,p) =

(zM(a,c;z) * f(z)) €

(13),
Te "a,b,v, p).

Corollary 14 Let f be given byf(z) = ZEC:J akzk and

forn € N\ {1}. Let

on(z) = 24+ Y p_yapzt 1 f € T (a,b,7, p), then

On (’f'nz) c Tm’ ‘u(a b Yy p) where
Tp — SUp {T

lr n
Proof. Let

n—1
Re (Zz ) > — |z <1}. (14)
gn(z) =

feT™ (a by, p).
(f * gn)(2).

Putting

S7_, 2F, we can writea, (2) =

Thus from (14) we get fRe (q”(r”z)) > %, for

Tz

z € U,n € N\ {1}. Then by applying Theorem 9, we get

on(rnz)
= i(f * .(]n)(rnz)

T

= f(z) * g—n(r“f'nz) e T, (a,b,v,p).

IITI. CONCLUSION

In this work we discussed on properties of inclusion and
convolution for classes of analytic functions defined by
integral operator through the method of Noor (1999). It is
based on subordination method of the inverse functions.
Many other interesting results can be achieved by

introducing other subclasses.
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