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In this paper, Normal Type-2 Triangular Fuzzy Number (NT2TFN) is used for defining complex 

uncertainties data to construct an approximation of B-spline surface. The type-2 fuzzy set is used to 

define the complex uncertainties due to type-1 fuzzy has limited efficiency to define the complex 

uncertainties problem.NT2TFN is based on the concept of Normal Type-2 Fuzzy Set Theory (NT2FST) 

and the Type-2 Fuzzy Number (T2FN). NT2TFNis used to define the complex uncertainties data before 

the three technique were implemented. These techniques include the fuzzification process by using 

alpha-cut operation with two determined value of alpha which is 0.5 and 0.8, the type-reduction 

process and the defuzzification process. Therefore, the finalize model of Normal Type-2Fuzzy B-spline 

Surface (NT2FBsS) for two determined value of alpha can be achieved and a new implementation to 

construct a geometry model by using NT2TFN on defining complex uncertainty data to fuse with B-

spline surface is accomplished. 
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I. INTRODUCTION 
 
 

Zadeh has introduced Type-2 Fuzzy Set Theory (T2FST) 

ten years after Fuzzy Set Theory (FST) or Type-1 Fuzzy Set 

Theory (T1FST) has been introduced in 1965 (Zadeh, 

1965; 1975). T2FST is used to define complex uncertainty 

problems which ordinary fuzzy set theory cannot handle. 

Complex uncertainty happens when the uncertainty 

becomes more uncertainty, or the problems have a higher 

level of uncertainty than the usual uncertainty problem. 

Karnik and Mendel (2001) make T2FST easier to use and 

understand after explaining it briefly and T2FST is widely 

used in many fields for defining complex uncertainty 

problems (Adesah & Zakaria, 2017). 

There are two special cases on T2FST (Zakaria & 

Wahab, 2013). The first case is when complex uncertainty 

is on the footprints where type-2 membership function 

values are in specific value and another case is when 

complex uncertainty is on the type-2 membership 

function where footprints are in the single value. For the 

first case, Hamrawi and Coupland have introduced types 

of T2FST which is normal and perfectly-normal. Perfectly-

normal T2FST happens when both Lower Membership 

Function (LMF) and Upper Membership Function (UMF) 

is normal while NT2FST happens when only UMF is 

normal (Hamrawi & Coupland, 2009). Besides, for the 

second case, there is only one type of T2FST which is 

introduced by Zakaria and Wahab in 2013. 

Normal Type-2 Fuzzy Set Theory (NT2FST)is used in 

this paper to define complex uncertainties in a set of data 

which is applied in B-spline surface function to build a 

Normal Type-2 Fuzzy B-spline Surface (NT2FBsS). We 
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will discuss the fuzzification process by using alpha-cut 

operation with two determined value of alpha which is 0.5 

and 0.8. This is because NT2FST gives two situations for 

the alpha-cut operation which the alpha-cut will go 

through towards all and some of NT2TFN. The alpha-cut 

operation is held before the process of type-reduction 

takes over to reduce T2FST to T1FST. Then, the process of 

defuzzification is implemented to obtain the finalize 

model of NT2FBsS. 

This paper constructed as follows: Section II discusses 

the basic definition of NT2FST to define complex 

uncertainty data points and all the three techniques 

include the fuzzification process, the type-reduction 

process and the defuzzification process. Then, Section III 

discusses the formation of NT2FBsS. The conclusion of 

this method is explained in the next section. 

 

II. MATERIALS AND METHODS 
 
 

First, the complex uncertainties data is defined with the 

definition of T2FST in Definition 2.1 and Type-2 Fuzzy 

Number (T2FN) in Definition 2.2 which T2FN is defined 

as Normal Type-2 Triangular Fuzzy Number (NT2TFN) as 

we can see through Figure 1 (Adesah & Zakaria, 2017). 

Then, after we define the complex uncertainties data, the 

process will continue with the fuzzification process, the 

type-2 reduction process and the defuzzification process. 

All definition of these processes is presented in this 

section for both two determined value of alpha (Adesah et 

al., 2017). 

Definition 2.1. Fs  is stand for Type-2 Fuzzy Sets 

(T2FS), is described by a type-2 membership function 

( ) , ,
Fs

x u  where x X  and    0,1xu U  that is, 

 ( ) ( )   =     , , , , 0,1xFs
Fs x u x u x X u U  (1) 

where ( ) 0 , 1
Fs

x u (Adesah & Zakaria, 2017). 

Definition 2.2. T2FN is described as a T2FS which has a 

numerical domain. The following four constraints are 

used to define an interval T2FS, where 

    
    =

   
, , , ,Fs p q r s

        0,1 , , , ,p q r s  (Figure 1): 

i. 
      .p q r s  

ii.   
 

,p s  and   
 

,q r  develop a function that 

is convex and   
 

,p s develop a function is 

normal. 

iii.   ( ) (    
          

   
1 1 2 2

1 2 2 1, 0,1 : , , ,r rp p

)      
   

1 1 2 2, , ,q s q s for 
 

2 2 .r q  

iv. If the maximum of the membership function 

developed by   
 

,q r  is the level  ,  which is, 

  
 , ,k krq  then  

 
 

,k krq
 = = 

 
1 1
,sp (Aguero 

& Vargas, 2007). 

 

 

Figure 1. The interpretation of an interval T2FN. 

 

Next, the fuzzification process is applied towards 

NT2TFN.After the complex uncertainties data is defined 

as Figure 1, the alpha-cut operation is applied to the data. 

The operation applied gives two cases of alpha values by 

using Definition 2.3 and 2.4. 

Definition 2.3. It is given Fs  that is T2FN, which 
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( ) Fs  and ( ) Fs  are the height for Upper 

Membership Function (UMF) and Lower Membership 

Function (LMF) respectively, then T2FN is called 

NT2TFN if ( ) ( ) 
  = 1Fs Fs . This definition can be 

interpreted in Figure 2. 

Then, the alpha-cut operation is applied towards 

NT2TFN in Definition 2.4 (Adesah & Zakaria, 2017). 

 

 

Figure 2. The interpretation of NT2TFN. 

 

Definition 2.4. Let Fs is denoted as NT2TFN with 

( ),i jFs Fs  where = −0,1,..., 1i n  and 

= −0,1,..., 1.j m  Then, 

N

Fs  is the alpha-cut operation of 

NT2TFN for ( ) ( )  
 

  =   = 
j j j

Fs Fs  which 

is given as equation as follows(Figure 3) [9, 10]. 

 

 
   

 

 

 =  

 →

 →
 

 →
→→ →

=

=

, ,

, , , ,

, ,

j j
j j j j

jj j

jj j

N

i i ii

ii i i

ii i

Fs Fs Fs Fs

F F F F

F F F

 (2) 

 

Figure 3. The operation of alpha-cut towards NT2TFN 

with   
 

 j j j . 

However, when     j j j
 for the alpha-cut 

operation of NT2TFN, then the definition become as 

follow (Figure 4). 

 

 
   



 

 =  

 →




→
→ →

=

=

, ,

, ,0 , ,

0, ,

j j
j jj j

jj

j j

N

i i ii

ii i

i i

Fs Fs Fs Fs

F F F

F F

 (3) 

 

 

Figure 4. The operation of alpha-cut towards NT2TFN 

with     j j j . 

 

The fuzzification process applies to two cases of alpha 

values which is  
 

 j j j  and     j j j .  For the 

case of  
 

 j j j , 0.5 is determined to be the alpha-
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cut value. It is because 0.5 is in the range of  

  
 

 j j j . Same goes to the case of     j j j
, 

0.8 is determined to be the alpha-cut value which 0.8 is in 

the range of     j j j
. 

Next, after NT2TFN went through the fuzzification 

process, the type-reduction process is applied to reduce 

the type-2 fuzzy model to type-1 fuzzy model. This will 

allow the application of the defuzzification process to take 

over.  The type-reduction process is applied for both cases 

of alpha values for   
 

 j j j and    j j j
. 

Definition 2.5 is implemented in both cases. 

Definition 2.5. Let 
N

iFs  is denoted as a set of +( 1)n  

NT2TFN after the alpha-cut operation, then the method of 

type-reduction -T2TFN , 

N

iFs is defined by 

 
  



 →

= =

 
= 

=  
 
 0,1,..., ; 1,2,...,

, ,
j j j

N
N i i ii

i n j m

Fs Fs Fs Fs
Fs  (4) 

where  




j
iFs  and 



→

j
iFs  are left and right type-reduction 

of alpha-cut NT2TFN. Definition for both left and right 

type-reduction become as follow (Zakaria et al., 2013). 

 

 

 



 →

 →
 

=

 →
→→ →

=

=

=





0,...,

0,...,

, ,

1 3 , , , ,

1 3 , ,

j j

jj j

jj j

N

i ii

ii i i

i n

ii i

i n

Fs Fs Fs Fs

Fs Fs Fs Fs

Fs Fs Fs

(5)  

 
Lastly, to obtain the finalize model, the process of 

defuzzification is implemented after the type-reduction 

process is applied. Definition 2.6 is also used in both 

cases. 

Definition 2.6. Let 

N

Fs  is denoted as type-reduction 

of NT2TFN, then 

N

Fs  named as defuzzification of 

NT2TFN for 

N

iFs if for every   ,
N N

i iFs Fs  

  
= ==  0,1,..., ; 1,2,..., for

j
i n j miFs Fs  (6) 

with  
 

 →

=
=

= +
0,..., ;
1,...,

, , 2 1
j j

i ii

i n
j m

Fs Fs Fs Fs j (Wahab & 

Zakaria, 2013). 

 

III. RESULTS AND DISCUSSION 
 
 

After defining the complex uncertainties data is finished 

by using NT2TST, NT2FBsS is constructed with the 

implementation of NT2TFN with processes of 

fuzzification, type-reduction and defuzzification as 

mentioned before. All definition 2.1 until 2.3 is blended 

with the control points of B-spline surface function 

denoted by ,i jFs , which is given as follows.

 
( ) ( ) ( )

= =

=

 

  , , ,
0 0

,

                      with 0 , 1

n m

i j i k j l
i j

FBsS u v Fs N u N v

u v

 (7) 

with ( ),i kN u  and ( ),j lN v  are B-spline functions and 

,i jFs  is three dimension fuzzy control points with 

= −0,1,..., 1i n  and = −0,1,..., 1.j m These can be 

illustrated through Figure 5(Zakaria et al., 2014). 

Then, the processes of fuzzification, reduction and 

defuzzification are implemented by using definition 2.4 

until 2.6 towards B-spline surface function for both cases 

of alpha values for   
 

 j j j  and     j j j
 

interpreted in Table 1 and Table 2 respectively with the 

definition of NT2TFN which blended with the control 

points of B-spline. 

As we can see in Table 1 and Table 2, the surface 

obtained in Table 2 is closer to the crisp model which is a 

grey coloured surface. This is because the 0.8 is used for 

the alpha-cut value closer to 1 which is the value for the 

crisp model. Furthermore, there are just five surfaces in 

Table 2 instead of seven surfaces in Table 1.  This is 

because the alpha-cut value of 0.5 in Table 1 will go 

through towards all NT2TFN and the alpha-cut value of 

0.8 in Table 2 did not go through towards UMF. 
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(a) (b) 
 

Figure 5. Model of fuzzified NT2FBsS with control points in (a) and without control points in (b).

 

Table 1. Model of fuzzification, reduction and defuzzification of NT2FBsSforthe case of alpha values for   
 

 j j j with 

the definition. 

The definition of NT2FBsS Models of NT2FBsS 

Model of Fuzzification NT2FBsS: 

( ) ( ) ( ) ( )




= =

= , , ,
0 0

,j
j

m n

a b a p b q
a b

FBsS s t Fs N s N t  

with    
 

=  1 1 1 10.5, .  

 

 

 

Model of Reduction NT2FBsS: 

( ) ( ) ( ) ( )




= =

= , , ,
0 0

,j
j

m n

a b a p b q
a b

FBsS s t Fs N s N t  

with    
 

=  1 1 1 10.5, .  
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Model of Defuzzification NT2FBsS: 

( ) ( ) ( ) ( )




= =

= , , ,
0 0

,j
j

m n

a b a p b q
a b

FBsS s t Fs N s N t  

with    
 

=  1 1 1 10.5, .
,i j
F  is a crisp model. 

 

 
 

 

Table 2. Model of fuzzification, reduction and defuzzification of NT2FBsSforthe case of alpha values for     j j j with 

the definition. 

The definition of NT2FBsS Models of NT2FBsS 

Model of Fuzzification NT2FBsS: 

( ) ( ) ( ) ( )




= =

= , , ,
0 0

,j
j

m n

a b a p b q
a b

FBsS s t Fs N s N t  

with    
 

=  1 1 1 10.8, .  

 

 

 

Model of Reduction NT2FBsS: 

( ) ( ) ( ) ( )




= =

= , , ,
0 0

,j
j

m n

a b a p b q
a b

FBsS s t Fs N s N t  

with    
 

=  1 1 1 10.8, .  
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Model of Defuzzification NT2FBsS: 

( ) ( ) ( ) ( )




= =

= , , ,
0 0

,j
j

m n

a b a p b q
a b

FBsS s t Fs N s N t  

with    
 

=  1 1 1 10.8, .
,i j
F  is a crisp model. 

 

 
 

 
 

 
 

 

IV. CONCLUSION 
 

In this paper, we proposed a new implementation to 

construct a geometry model by using normal T2FST 

instead of perfectly normal T2FST to fuse with B-spline 

function which to handle complex uncertainty of data. The 

model NT2FBsS has been constructed by using the 

definition of T2FST in the form of NT2TFN to handle 

complex uncertainties in a set of data and being blended in 

function of B-spline surface. For further studies of this 

model, it can be extended with other functions such as 

Bezier surface and rational B-spline surface. Furthermore, 

the method of complex uncertainty is on the type-2 

membership function where footprints are in the single 

value can be implemented to construct a curve or surface 

model. 
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