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In the open unit disk D = {zeC: |z| < 1}, we denote A be the class of all analytic functions f (Z) We

consider conditions f (0) =0 and f '(O) =1so called normalized condition and denote 2’ as the class of

bi-univalent functions defined in D . If both f (z) and f’l( f (Z)) are univalent in D , we say that a

function f € A to be bi-univalent in D . In this paper, some subclasses of bi-univalent functions are

introduced. Coefficient estimates on |a,| and |a,| are determined. In addition, the upper bounds of the

Fekete-Szego functional are also obtained.
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I INTRODUCTION

In this paper, the class of functions f(Z) which are

analytic in the open unit disk D = {zeC: |z| < 1} in the form
of

f(z):z+ianz” (zeD) (1
n=2

is denoted by A.We denote S C A which are univalent in
D as well. According (Duren, 1983), the Koebe one-quarter
theorem showed the image of D under every univalent
functions f in S contains a disk of radius 1/ 4. So, an

inverse for every univalent function f can be defined as

f(f(z))=z2
and

7 (w)=w (wi<r,(f).5,(f)=1/4).
Thus, for a function f € A, if both f

univalent in D, this function is bi-univalent function. The
notation of bi-univalent is . .

Motivated by the previous works, for example
(Shanmugam & Sivasubramanian, 2005), (Janteng et al.,
2006), (Aouf et al., 2013), (Zaprawa, 2014) and (Altinkaya

& Yalcin, 2017),we consider the following subclasses of 2.

and ™ are

Definition 1. A function f (Z) €2 in (1) is said to be in
the class Az(a,i) with 0<a <1 and 120 if: f €2,

and

*Corresponding authot’s e-mail: andyliew1992@gyahoo.com

2¢n [
arg Azt (Z)+Zf (Z) <ﬂ, zeD (2)
f(z) f(2) 2
and
2.1 [
arg(lw 9 (w)+wg (W)J <%, weD (3)
g(w)  g(w) )| 2
where
g(w)=w-a,w’ +(2a," -a,)w’
4)

—(5a,” ~5a,a, +a, W' +...

Definition 2. A function f (Z) €2.in (1) is said to be in
class Ay (,B,ﬂ) with 0< #<1 and A >0 if:

Re(/lz f"(z) . zf '(z)j 2B @

fz)  1(2)
and

5 ﬂwzg"(w)+wg’(w)
MR

]>ﬂ.(6)

Definition 3. A function f (Z) €Y in (1) is said to be in
the class By (a,/i) with O<a <l and 120 if: f e

and

(/‘Lzzf”(z)+ zf’(z))'

D
() zeD©®)

arg <=
2 L
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weD.(8)

arg <
2 ’

Definition 4. A function f(2)€X in (1) is said to be in
class Bz(ﬂ,l) with 0< #<1 and A >0 if:

(izzf”(z)+zf’(z))r

R
e () > B (9)
and
Aw2g" (w)+wg'(w))
Re( g() g()) >p. (10)

g'(w)
This paper obtained the upper bound for coefficients |a2|

and |a3| and Fekete-Szegd functional for f in the

subclasses of Y. .

II. METHODS

The following lemmas are required to get the main results.

Lemma 1. (Duren, 1983) If p€ P then |pk| <2 for each
k , where P is the family of all functions P analytic in D,

Re(p(z))>o’ P(z) =1+ pz+ p,2° + pyz° +-++ for
zeD.

Lemma 2. (Zaprawa, 2014) Let k,leRand z;,z, e C. If
|Zl| <R and |Zz| <R then

(k+1)z,+(k=1)z,| < 2R f°r|k|2|l|.
2R for k| <|I|

III. RESULTS

The main result for f € AZ (a, ﬂ) is stated as follows.

Theorem 1. Let f in (1) be in the class Ay (Ol,l) where
O<a<1land 4>0.Then

2a
|, | < (11)
\/42[/1(1—a)+ a +1} +a+1
and
2
|a3| < da o (12)

+ .
(22+1)° 34+1

Proof. It follows from (2) and (3) that

(xlzzf”(z)+ zf’(z))'
f'(z)

(13)

=[r(2)]

and

(Aw?g” (w)+wg'(w))

g'(w) =[q(w)]a

where p(z) and q(w) in P have the forms

(14)

p(z)=1+pz+p,2° +... and
q(W)=1+0,W+ W + W’ +... respectively.
From (1), we may get
A f"(2)+2'(z)
f(2) (15)
=1+a,(24+1)2+[2a,(34+1) -2} (24+1) ] 2° +...
and from (4) we can get
AW’ g" (w)+wg'(w)
g(w)

. (16)
2a,(2a; —a,)(34+1) "
-a; (24+1)

Hence, equations (17) and (18) give

1+a,(22+1)2+[ 28, (34 +1) -2} (24 +1) |2 +...

-1 (17)
:1+ap12+{ap2+a(0; ) p12}22+...

=1-a,(22 +1)W+|:

and

2a,(2a; - a,)(34+1)

1-a,(22+1)w+
—aZ(24+1)

]w2+...
(18)

-1
=1+oeq1w+{acq2 +@qﬁ}w2 +...

Next, by suitably comparing coefficients of z and z? in

(17) and comparing coefficients of W and W2 in (18), we
get

a2(2/1+1)=ap1, (19)
-1

2a,(34+1)—a," (24 +1)=ap, +@ P>, (20)

—-a, (2/1 +1)=aq,, (21)
2(2a," -a,)(34+1)-a,’ (24+1)

ala -1 .(22)
=aq, + ( 5 )ql2
By dividing (19) and (21), we get
p=-0Q.

Next, by adding the square of equations (19) and (21), we
may get

28, (24+1)" =a’(p’+9°). (23)
Now, by adding of equations (20) and (22), we find that
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2a, (3/1 +1) -a)} (21 +1) +4a,’ (32 +1)
—2a, (3/1 +l) -a,’ (2/1 +1)

a(a-1)
2
Then, from (23), by replacing pl2 + ql2 into equation (24),

we obtain

2
2 _ (24 ( p, + qz)
41[/1(1—a)+a+1:|+a+1
By applying triangle inequality and Lemma 1.1 for the
coefficients P, and Q, into equation (25), we finally get:
2a
|a,| < .
JA[A(1-a)+a+1]+a+1
This gives the bound on |8.2| in (11). Next, to ﬁnd|ag| , by

subtracting (22) from (20), we get

43, (32 +1)— 43,2 (32 +1)

(24)

=a(p2+q2)+ <p12+q12)

a, (25)

ala-1
:a(pz _qz)"'¥(p12 _qu)
Since P, =—0, then p,*> =(,”. Next, we have
, a(p.—0,)
= —z_7J 6
S TEVIEY) (=0)
) az(plz +q12)
From (23), wecanget 8, =——————.
2(2/1 +1)
L (pire) |
Thus, by substituting 8,” = ——————— into equation
2(21 +l)

(26), we obtain

az(p12+q12) a(pz_qz)
a; = 7t (27)
2(24+1)°  4(34+1)

Once again, applying triangle inequality and Lemma 1.1 for

the coefficients P,, P,, §; and Q, into equation (27), we
get:
Ao® a
> + .
(24+1) 34+l

Theorem 1 is completely proven.

|| <

Taking 4 =0 in Theorem 1, we obtain the following
corollary.

Corollary 1 (Murugusundaramoorthy & Magesh,
2009)Let f (Z)in (1) be in the class SS;" (Ot) and
0<a<1.Then

20

\/a+1’

|a;| <40’ +a.

la,| <

and

Next, we obtained Theorem 2, Theorem 3 and
Theorem4.

Theorem 2 Let f in (1) be in the class A (5, 4)
where 0< <1 and 42>0. Then

2(1-5)
< |27 77
el <\ Tes =8
and
4(1- B 1-
|a3|s( 'B)+ B (29)

(22+1)"  34+1

Taking 4 =0 in Theorem 2, we obtain the following
corollary.

Corollary 2 (Murugusundaramoorthy & Magesh,
2009)Let f (Z)in (1) be in the class S; (ﬂ) and
0<f<1.Then

la,| < 2(1- )
and

2
|a3| S4(1—ﬂ) +1-4.

Theorem 3 Let fin (1) be in the class B, (1)

where O0<a <1 and A >0.Then

a

la,| < = (30)
Ja(54+1)+(1-a)(24+1)
and
(ZZ o
jas < (31)

(22 +1)° ' 3(31+1)

Taking A =0 in Theorem 3, we obtain the following
corollary.

Corollary 3 (Zaprawa, 2014) Let f (Z)in (1) be in the

class By (Ot) and 0 <a <1.Then

|a2|Sa
and
a
<a’+=.
2| 3
Theorem 4 Let f in (1) be in the class B. (5, 4)
where 0 <a <1 and A >0.Then

1_
|az|3\/5/1+ﬂl’ (32)
and
2(1- BY _
|ag| < 1-/) - (33)

(22+1)  3(32+1)

Taking A =0 in Theorem 4, we obtain the following
corollary.

Corollary 4 Let f (Z)in (1) be in the class By ( yij )
and 0< f<1.Then

|a2|s,/1—/3
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and

al=2(-p) +10-p).

Our second main results for the classes Az(a,/i),
A (B,4), B.(a,A) and B, (f3,1) are given by Theorem

5, Theorem 6, Theorem 7 and Theorem 8.

Theorem 5
ueR, then
‘aa - /uazz‘

If feA(a,A),0<a<l, 120 and

4o

2a:(44+1)—(a —1)(22+1)

1w for 4a (32 +1)|(1- u)

IN

o
o o 4o (31+1)|(1- p)

<2a(44+1)~(a-1)(22+1)’.
(34)

Proof. Let f given by (1) be in A (a,4), O0<a<1,
A >0 and peR.
By adding of equations (20) and (22), we find that
2a,” (42 +1)
1 (35)
=a(p,+ q2)+za(a -1)(p’ +q7)
Next, by subtracting of equations (22) from (20), we get
, (P, —0,)
=a,  +——2~
=% 4(34+1)
From equation (23), we have
2
) 2 _ 2a22(22+1)

P+ =————— (37)
(94

By substituting equation (37) into equation (35), yields
2

2 a
2a(42+1)—(a-1)(22+1)
By substituting equation (38) into equation (36),

8

(36)

2 (p2+q2)(38)

a,

:{20‘(42"'1)—(0!—1)(2}&1)2}(p2+q2) (39)

+m(Pz—Qz)

Thus, from equations (38) and (39), we obtain
8- /uazz

C12

:La(4/1+1)—(a—1)(2/1+1)2}(pz +q2)+m(pz ~G)

2

“ (pz+qz)}

_”[205(4,1 +1)—(a—1)(24 +1)

= h(a,/?,)(l—,u)( P, +q2)+m(

pz_QZ)

aZ

") @ @)y

where

nonnegative.
Hence,

a; _/Uazz
=h(a,4)(1-p)p, +h(a,A)(1- )q,
" 4(3j+1) P~ 4(3j+1)

:{h(a,ﬂ)(l—y)vLm} P,

0.

(24
> 20(44+1)-(a-1)(22+1)’, +|:h(a”1)(1_'”)_ 4(32 +1):|q2

From Lemma 1 and Lemma 2, we obtain
2
|a3 —HA, |

{h(a,i)(l—y)+m} P,

{h(a,z)@_y)—m}%

2|h(a, A)(1-p)|(2) for|n(er, 2)(1-u)|
- 4(3j+1)

IA

(21

2 e (2) for|n(aA)(1-p) < =

(32+1)

a
4(32+1)
a
4(32+1)

ah(a, A)1-p| forh(a,2)|(1-u) =

a
31+1

Theorem 5 is completely proven.

for h(a,/1)|(1—y)| <

Taking £ =0 and 4 =0 in Theorem 5, we obtain the
following corollary.

Corollary 5 If f(Z)in equation (1) be in the class

SSZ* (0!) , 0<a <1, then

a for0<oz£1
las| <1

4a for=<a<1

a+l 3

The result in Corollary 5 is similar to Corollary 10 in
(Zaprawa, 2014) if 1 =0.

Putting @ =1 in Corollary 5, we will get the following
corollary.

Corollary 6 (Zaprawa, 2014) If f (Z)in equation (1)
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bein the class SS;” (1), then 51/1‘ ﬂl -y for3(34+1)|(1-u)[=51+1
[as]<2. oy —ua,? <> 7
Next, we obtained Theorem 6, Theorem 7 and Theorem 8 as _—ﬂ for 3(3 y 1)|(1 - ,U)| <51 +1.
follows. 3(31 + 1)
(42)

Theorem 6 ¥ feA(SA), 0<B<1, 120
andueR, then Taking =0 and A = 0 in Theorem 8, we obtain the

2(1- following corollary.

2028yl for 2(304 D)1 > 44410 B O

2 (41 + 1) . .
|a3 — pua, | < . Corollary 10  (Zaprawa, 2014) If f (Z)m equation (1)
ﬁ for 2(34+1)[1- 4| <42+1. beintheclass B, (B), 0< <1, then
(40) | <1-5.
Taking #=0 and 4 =0 in Theorem 6, we obtain the

following corollary. Iv. SUMMARY

Corollary 7 f f (Z)in equation (1) be in the class
S; ( IB)’ 0< <1, then In conclusion, coefficient estimates on |a2| and |a3| are

|a3|32(1_ ﬂ) obtained for some subclasses of bi-univalent functions.

Furthermore, the upper bounds of the Fekete-Szego
The result in Corollary 7 is similar to Corollary 11 in

(Zaprawa, 2014) if A =0 functional are also obtained.

Theorem 7 If feBy(a,1), O<a<l,
A >0 andueR, then
2
o
1-u for 3a(31+1)|(1-
a(51+1)+(1—a)(2/1+1)2‘ 2 (31+1)]0-x)
@, — pa,’| < > (54 +1)+(1-a)(24+1)",

3(33+1) for 306(3ﬂ+1)‘(1—u)‘Sa(5/1+1)+(1_a)(2/1+1)2_

(41)

Taking #=0 and 4 =0 in Theorem 7, we obtain the
following corollary.

Corollary 8 f f (Z)in equation (1) be in the class
B, (@), 0<a<1,then

1oz for0<o¢s1

|ag| <

a’® for=<a<1l
3

The result in Corollary 8 is similar to Corollary 17 in
(Zaprawa, 2014) if 1 =0.

Putting @ =1 in Corollary 8, we will get the following
corollary.

Corollary 9 ir f (Z)in equation (1) be in the class
B, (1), then
|a;| <1.

Theorem 8 if feBy(8,4), 0<p<1, 120
andueR, then
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