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In this paper, subclass of the class 𝜍 of bi-univalent function is introduced using subordination. For 

functions in the class 𝜍, theestimates on the Taylor-Maclaurin coefficients and upper bound of the 

Fekete-Szegö functional are obtained. 
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I. INTRODUCTION 

 

Let Α denote the class of functions in the form 

𝑓(𝑧) = 𝑧 +∑𝑎𝑛𝑧
𝑛

∞

𝑛=2

 
 

(1) 

 

which are analytic and normalized by 𝑓(0) = 0 and 𝑓′(0) =

1in the open unit disk Δ ∶= {𝑧: 𝑧 ∈ 𝐶 and |𝑧| < 1}. 

Let𝑆denote the subclass of Α. Functions in 𝑆are univalent. 

Let 𝑆𝒮
∗ be the subclass belonging to 𝑆 in the form (1) 

satisfying 

𝑅𝑒 (
𝑧𝑓′(𝑧)

𝑓(𝑧) − 𝑓(−𝑧)
) > 0 

(2) 

 

for 𝑧 ∈  Δ. Sakaguchi (1959) introduced functions of 

starlike with respect to symmetric points as stated in (2). 

Das & Singh (1977) then introduced another class 𝐶𝒮 

namely, convex functions with respect to symmetric points 

and satisfying the condition 

𝑅𝑒 (
(𝑧𝑓′(𝑧))′

(𝑓(𝑧) − 𝑓(−𝑧))′
) > 0 

(3) 

for 𝑧 ∈  Δ. 

If 𝑓 ∈ 𝑆, then there exists an inverse function, 𝑓−1 

which is also univalent in Δ.A function 𝑓 ∈ Α is called bi-

univalent in Δ if both 𝑓 and 𝑓−1  are univalent in Δ.  Thus, 

𝜍  denote the class of bi-univalent functions defined in Δ. 

All bi-univalent functions have an inverse function with 

the Taylor series in the form 

 

𝑓−1(𝑤) = 𝑤 − 𝑎2𝑤
2 + (2𝑎2

2 − 𝑎3)𝑤
3 −⋯ (4) 

 

Many earlier researches published papers concerning 

bi-univalent functions. These researchers focused on 

problems connected with coefficients. This research was 

initiated by Lewin in 1967. Brannan & Taha (1986) 

instigated certain subclasses of bi-univalent functions 

including of starlike, strongly starlike and convex 

functions which have the similarities with subclasses of 

univalent functions. 

A function 𝑓 is said to be subordinate to function 𝑔 if 

both functions are analytic in Δ, and if there is exists 

function 𝑤, defined on Δ with 𝑤(0) = 0 and |𝑤(𝑧)| < 1 

satisfying 𝑓(𝑧) = 𝑔(𝑤(𝑧)). This subordination can be 

expressed in the form of 𝑓(𝑧) ≺ 𝑔(𝑧). 
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 Ma & Minda (1994) combined diverse subclasses of 

convex and starlike functions. They cogitate an analytic 

function Φ with positive real part in Δ, where Φ(0) = 1,

Φ′(0) > 0 that maps Δ onto a region starlike with respect 

to 1 and symmetric with respect to the real axis. This series 

of expansion for function Φ can be demonstrated in the 

form of 

 

Φ(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧
2 +⋯ , (𝐵1 > 0) (5) 

 

The classes of Ma-Mindastarlike and Ma-Minda 

convex functions consist of functions 𝑓 ∈ Α satisfying the 

subordination 

 

𝑧𝑓′(𝑧)

𝑓(𝑧)
≺ Φ(𝑧) 

and 

1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
≺ Φ(𝑧) 

 

respectively. Both 𝑓 and 𝑓−1 must be Ma-Minda starlike or 

convex, autonomously in order for function 𝑓 to be bi-

starlike or bi-convex of Ma-Minda type. 𝑆𝑇𝜍(Φ) denote the 

class for bi-starlike of Ma-Minda type and𝐶𝑉𝜍(Φ)denote 

the class of bi-convex of Ma-Minda type. 

In modern works, several authors such as Lashin 

(2016), Crisan (2013) and Ali et al.(2012) introduced new 

subclasses of class 𝜍and obtained the estimates of the 

initial coefficients of the Taylor-Maclaurin for functions 

belonging to these classes. 

In this paper, approximations of the initial 

coefficients for bi-univalent of Ma-Mindastarlike and 

convex functions were studied. Further, the upper bound 

of the Fekete-Szegö functional also studied. 

 

II. METHODS 

 

Definition 1. A function 𝑓(𝑧) ∈ 𝜍 given by (1) is said to be 

in a class 𝒦𝜍(Φ, 𝛼) with 0 < 𝛼 ≤ 1 if the following 

conditions are satisfied: 

 

2 (𝑧𝑓′(𝑧) + 𝛼𝑧2𝑓′′(𝑧))

(1 − 𝛼)(𝑓(𝑧) − 𝑓(−𝑧)) + 𝛼𝑧(𝑓(𝑧) − 𝑓(−𝑧))′
≺ Φ(𝑧) 

(6) 

and 

2(𝑤𝑔′(𝑤) + 𝛼𝑤2𝑔′′(𝑤))

(1 − 𝛼)(𝑔(𝑤) − 𝑔(−𝑤)) + 𝛼𝑤(𝑔(𝑤) − 𝑔(−𝑤))′

≺ Φ(𝑤) 

(7) 

 

and the function 𝑔 = 𝑓−1(𝑤) is given by (4). 

We first declare the well-known lemmas that will be 

used to acquire the upper bounds of the initial coefficients 

and the Fekete-Szegö functional for function 𝑓 ∈ 𝒦𝜍(Φ, 𝛼). 

 

Lemma 2.(Duren, 1983)If 𝑝 ∈ 𝑃 then |𝑝𝑘| ≤ 2 for each k, 

where 𝑃 is the family of all functions 𝑝 analytic in Δ, 

𝑅𝑒(𝑝(𝑧)) > 0 

𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧
2 + 𝑝3𝑧

3 +⋯ 

for 𝑧 ∈ Δ. 

 

Lemma 3. (Zaprawa, 2014) Let 𝑘, 𝑙 ∈ ℝ and 𝑧1, 𝑧2 ∈ ℂ. If 

|𝑧1| < 𝑅 and |𝑧2| < 𝑅 then, 

 

|(𝑘 + 𝑙)𝑧1 + (𝑘 − 𝑙)𝑧2| ≤ {
2|𝑘|𝑅 𝑓𝑜𝑟 |𝑘| ≥ |𝑙|

2|𝑙|𝑅 𝑓𝑜𝑟 |𝑘| ≤ |𝑙|
 

(8) 

 

III. RESULTS 

 

For functions 𝒦𝜍(Φ, 𝛼), the following coefficient 

estimates are obtained as given by Theorem 4. 

 

Theorem 4. Let 𝑓 given by (1) be in the class 𝒦𝜍(Φ, 𝛼) 

where 0 < 𝛼 ≤ 1. Then 

 

|𝑎2| ≤
𝐵1√𝐵1

√2|𝐵1
2(1 + 2𝛼) + 2(1 + 𝛼)2(𝐵1 − 𝐵2)|

 
 

(9) 

 

and 

|𝑎3| ≤
1

2
𝐵1 (

1

(1 + 2𝛼)
+

1

2(1 + 𝛼)2
𝐵1) 

(10) 

 

Proof. For 𝑓 ∈ 𝒦𝜍(Φ, 𝛼), 𝑔 = 𝑓−1, there exist analytic 

functions 𝑢, 𝑣: 𝐷 → 𝐷 with 𝑢(0) = 𝑣(0) = 0, satisfying 

 

2 (𝑧𝑓′(𝑧) + 𝛼𝑧2𝑓′′(𝑧))

(1 − 𝛼)(𝑓(𝑧) − 𝑓(−𝑧)) + 𝛼𝑧(𝑓(𝑧) − 𝑓(−𝑧))′

= Φ[𝑢(𝑧)] 

(11) 

and 

2(𝑤𝑔′(𝑤) + 𝛼𝑤2𝑔′′(𝑤))

(1 − 𝛼)(𝑔(𝑤) − 𝑔(−𝑤)) + 𝛼𝑤(𝑔(𝑤) − 𝑔(−𝑤))′

= Φ[𝑣(𝑤)] 

(12) 



ASM Science Journal, Volume 13, 2020  

3  

 

The functions 𝑏 and 𝑐 are defined as: 

𝑏(𝑧) ≔
1 + 𝑢(𝑧)

1 − 𝑢(𝑧)
= 1 + 𝑏1𝑧 + 𝑏2𝑧

2 +⋯ 
(13) 

and 

𝑐(𝑧) ≔
1 + 𝑣(𝑧)

1 − 𝑣(𝑧)
= 1 + 𝑐1𝑧 + 𝑐2𝑧

2 +⋯ 
(14) 

 

or it is equivalent to 

𝑢(𝑧) =
1

2
[𝑏1𝑧 + (𝑏2 −

𝑐1
2

2
) 𝑧2 +⋯] 

(15) 

and 

𝑣(𝑧) =
1

2
[𝑐1𝑧 + (𝑐2 −

𝑐1
2

2
) 𝑧2 +⋯] 

(16) 

 

Functions 𝑏 and 𝑐 are analytic in Δ with 𝑏(0) = 1 = 𝑐(0). 

Since 𝑏, 𝑐:Δ → Δ, the functions 𝑏 and 𝑐 have positive real 

parts in Δ and |𝑏𝑖| ≤ 2 and |𝑐𝑖| ≤ 2 for 𝑖 = 1,2. 

 

From (5) and (11)-(14), we obtain 

 

2 (𝑧𝑓′(𝑧) + 𝛼𝑧2𝑓′′(𝑧))

(1 − 𝛼)(𝑓(𝑧) − 𝑓(−𝑧)) + 𝛼𝑧(𝑓(𝑧) − 𝑓(−𝑧))′
 

= 1 +
1

2
𝐵1𝑏1𝑧 + [

1

2
𝐵1 (𝑏2 −

𝑏1
2

2
) +

1

4
𝐵2𝑏1

2] 𝑧2 +⋯ 

 

 

 

(17) 

and 

2(𝑤𝑔′(𝑤) + 𝛼𝑤2𝑔′′(𝑤))

(1 − 𝛼)(𝑔(𝑤) − 𝑔(−𝑤)) + 𝛼𝑤(𝑔(𝑤) − 𝑔(−𝑤))
′
 

= 1 +
1

2
𝐵1𝑐1𝑤 + [

1

2
𝐵1 (𝑐2 −

𝑐1
2

2
) +

1

4
𝐵2𝑐1

2] 𝑤2 +⋯ 

 

 

(18) 

 

(17) and (18) will gives us 

2(1 + 𝛼)𝑎2 =
1

2
𝐵1𝑏1 

(19) 

 

2(1 + 2𝛼)𝑎3 =
1

2
𝐵1𝑏2 −

1

4
𝐵1𝑏1

2 +
1

4
𝐵2𝑏1

2 
(20) 

 

−2(1 + 𝛼)𝑎2 =
1

2
𝐵1𝑐1 

(21) 

and 

 

2(1 + 2𝛼)(2𝑎2
2 − 𝑎3) =

1

2
𝐵1𝑐2 −

1

4
𝐵1𝑐1

2 +
1

4
𝐵2𝑐1

2 
 

(22) 

 

From (19) and (21), we get 

𝑏1 = −𝑐1 (23) 

and 

8(1 + 𝛼)2𝑎2
2 =

1

4
𝐵1
2(𝑏1

2+𝑐1
2) 

(24) 

 

By considering (20), (22) and (24), we obtain 

 

𝑎2
2 =

𝐵1
3(𝑏2 + 𝑐2)

8𝐵1
2(1 + 2𝛼) + 16(1 + 𝛼)2(𝐵1 − 𝐵2)

 
(25) 

 

By applying triangle inequality and Lemma 2 for the 

coefficients 𝑏2 and 𝑐2 into equation (25), we finally get: 

|𝑎2| ≤
𝐵1√𝐵1

√2|𝐵1
2(1 + 2𝛼) + 2(1 + 𝛼)2(𝐵1 − 𝐵2)|

 

 

This gives the bound on |𝑎2| as stated in (9).  

Next, we apply (20) and (22) in order to find the 

bound on |𝑎3|, we will get 

𝑎3 = 𝑎2
2 +

𝐵1(𝑏2 − 𝑐2)

8(1 + 2𝛼)
 

(26) 

 

By replacing 𝑎2
2 from (25) into (26), we obtain 

𝑎3 =
𝐵1
2(𝑏1

2+𝑐1
2)

32(1 + 𝛼)2
+
𝐵1(𝑏2 − 𝑐2)

8(1 + 2𝛼)
 

(27) 

 

Lastly, by applying triangle inequality and Lemma 3 for 

the coefficients 𝑏1, 𝑏2, 𝑐1 and 𝑐2 in(27), we obtain: 

 

|𝑎3| ≤
1

2
𝐵1 (

1

(1 + 2𝛼)
+

1

2(1 + 𝛼)2
𝐵1) 

 

Theorem 4 is completely proven. 

The nexttheorem concerning the Fekete-Szegö 

inequality for 𝒦𝜍(Φ, 𝛼) will be formulated as shown in 

Theorem 5. 

 

Theorem 5. Let 𝑓 given by (1) be in the class 𝒦𝜍(Φ, 𝛼) 

and 𝜇 ∈ ℝ, then 

 

|𝑎3 − 𝜇𝑎2
2| ≤

{
  
 

  
 

𝐵1
2(1 + 2𝛼)

𝑓𝑜𝑟  |1 − 𝜇| ≤ 𝒯(𝛼)

𝐵1
3|1 − 𝜇|

|2𝐵1
2(1 + 2𝛼) + 4(1 + 𝛼)2(𝐵1 − 𝐵2)|

𝑓𝑜𝑟  |1 − 𝜇| ≥ 𝒯(𝛼)

 

 

 

 

 

(28) 

 

where 

𝒯(𝛼) =
1

(1 + 2𝛼)
∙ |(1 + 2𝛼) + 2(1 + 𝛼)2 (

𝐵1 − 𝐵2

𝐵1
2 )| 

 



ASM Science Journal, Volume 13, 2020  

4  

Proof. Let 𝑓 given by (1) be in the class 𝒦𝜍(Φ, 𝛼) and 𝜇 ∈

ℝ. 

 

By using the definition of Fekete-Szego, 𝑎3 − 𝜇𝑎2
2 and 

applying equation (26), we obtain 

𝑎3 − 𝜇𝑎2
2 = [𝑎2

2 +
𝐵1(𝑏2 − 𝑐2)

8(1 + 2𝛼)
] − 𝜇𝑎2

2 
(29) 

 

It follows that, 

𝑎3 − 𝜇𝑎2
2 = 𝐵1 ([ℎ(𝜇) +

1

8(1 + 2𝛼)
] 𝑏2

+ [ℎ(𝜇) −
1

8(1 + 2𝛼)
] 𝑐2) 

 

 

(30) 

 

where 

ℎ(𝜇) =
𝐵1
2(1 − 𝜇)

8𝐵1
2(1 + 2𝛼) + 16(1 + 𝛼)2(𝐵1 − 𝐵2)

 

 

By applying Lemma 2 and Lemma 3 into equation (30), we 

can conclude that 

|𝑎3 − 𝜇𝑎2
2|

≤ 𝐵1

{
 

 2|ℎ(𝜇)|(2) 𝑓𝑜𝑟 |ℎ(𝜇)| ≥
1

8(1 + 2𝛼)

2 |
1

8(1 + 2𝛼)
| (2) 𝑓𝑜𝑟 |ℎ(𝜇)| ≤

1

8(1 + 2𝛼)

 

 

=

{
 

 4𝐵1|ℎ(𝜇)| 𝑓𝑜𝑟 |ℎ(𝜇)| ≥
1

8(1 + 2𝛼)
𝐵1

2(1 + 2𝛼)
𝑓𝑜𝑟 |ℎ(𝜇)| ≤

1

8(1 + 2𝛼)

 

 

Finally, Theorem 5 is proven. 

Taking 𝜇 = 1 in Theorem 5, we obtain the following 

corollary. 

 

Corollary 6. If 𝑓(𝑧) is given by equation (1) be in the 

class 𝒦𝜍(Φ, 𝛼), then 

 

|𝑎3 − 𝑎2
2| ≤

𝐵1
2(1 + 2𝛼)

 

 

IV. SUMMARY 

 

Predominantly, the subclass of bi-univalent functions, 

𝒦𝜍(Φ, 𝛼), is proposed using subordination. Then, the 

upper bound for the coefficients estimates and the Fekete-

Szegӧ functional are obtained for function in the class 

𝒦𝜍(Φ, 𝛼).
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