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The current work is devoted for the problems on the almost everywhere (a.e.) convergence of double

Fourier series (DFS). The obtained result is the generalization of the classical Radimacher-Menchoff

(R-M) theorem for the eigenfunction expansions of second order elliptic operators.
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I. INTRODUCTION

In this work, we investigate problems on the almost
everywhere (a.e.) of double Fourier series (DFS) summed
over elliptic curves. DFS plays an important role in solving
boundary value problems arising in the theory of elliptic
differential operators (DOs). The second order elliptic DOs
have many applications in quantum mechanics and many
areas of the engineering sciences. Such operators are
unbound and have self adjoint extension in the Hilbert
classes, which is closely connected with the DFS summed
over the levels of elliptic polynomials. The main problem of
the harmonic analysis is reconstruction of the function from
its Fourier expansion. Obtaining the sufficient conditions for
the a.e. convergence of the DFS of the functions from
different classes gives answer to the main problem of the
harmonic analysis in the classes of Liouville. By applying the
established new Radimacher-Menchoff (R-M) Theorem for
general spectral expansions of elliptic operators, one can
prove a.e. convergence of the DFS summed over domains
bounded by levels of an elliptic polynomials. We note that
DFS summed over the circular curves are connected with the

well known Laplace operator and studied by many authors
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such as Alimov et al. (1992), Bastic (1983) and Geok et al.
(2008). Motivated by the problems on the a.e. convergence of
Fourier series (FS), Plancherel (1913) studied the a.e.
convergence of orthogonal series. Rademacher (1922) and

Menchoff (1926) proved the following theorem.

Theorem (R-M) Let {¢,(x)} be a system of orthonormal
functions in the interval (a,b). If the numbers {c,} satisfy

the condition

[o2]
D lealPtn? () < o,
n=1

then, the FS

3}

D enn@

n=1

is a.e. convergent in the interval (a, b).

The current research extends the results on the a.e.
convergence of the DFS for the elliptic partial sums. Here, we
introduce the goals of this research which are: 1. To obtain the

sufficient conditions for the a.e. convergence of the DFS
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summed by elliptic level curves 2. To generalize the

Menchoff-Rademacher ~ Theorem to the  spectral
decompositions of the self-adjoint DOs.

In order to achieve the target, we first investigate special
partial sums summed over elliptic level curves. Next, we
generalize the obtained estimation for general maximal
operators by deep analysis of the elliptic partial sums. At the
final step, we apply methods of harmonic analysis to prove

a.e. convergence of the DFS.

T?={(x,y) ER>:—nw<x<m-nm<y<m}.

We consider functions, which are 2m -periodic in each
variable. A function f(x, y) belongs to the class L,(T?), if the
following double integral is finite: [[, |f(§,7)]* < o, where
we use notation T? = {(§,n) ER*: —t <E{<m-m<n<m}

The class L,(T?) is normed space with the norm,

1
2

1fll,, cro) = ff | (6, |2 dEdn
T2

We investigate summability problems of the DFS of a
function f(¢,7n) € L,(T?):

@)

z Z fumeismn)

n=—00 Mm=-—0o0

where f,,, is the Fourier coefficients of the function f:
fom = @72 [[ feme=tesmagan,
TZ

Recall famous Perceval formula, which establishes

connection between the norm of the function and its Fourier

coefficients:
[ remrasan=@nz YNtz @
T2 n=—00 Mm=—0o

It is well known that the FS of the function f is convergent
in the norm of L,(T?2). We note here that the convergence in

L, — norm does not imply pointwise convergence of the FS of

the function from L, (T?). Define a partial sums of the DFS in
Eq. (1) summed over the levels of the elliptic polynomial

p(&,1) = ay0% + 2a,16n + ag,n? by the following

EAFEM = D ) fume!E+mD &)
p(n,m)<i
The partial sums E; is spectral decomposition

corresponding to the following operator,

10 10 9? 9? 9?
p (7&;@) =055 21, axay 0257

which is the second order elliptic operator. There were many
researchers (Alimov et al., 1992), which devoted to the
problems on the convergence of the partial sums of the DFS
summed over circular levels. Such DFS corresponds to the
self-adjoint extensions of the Laplace operator on torus. In
the current work, we captured the influence of the symbol of

elliptic DOs to the conditions for the a.e. convergence of FS.

Theorem 1.1 Let f € L,(T?) and its Fourier coefficients

satisfy the condition

(4

200 XnZco fam|?In* (1 + p(n,m)) < oo

then, the FS in Eq. (1) of the function f a.e. converges to f in

the torus T? by summation over the elliptic curves
lim Eaf (§,m) = f(€,m) a.e.in T2,

The a.e. convergence of the series corresponding to the
general orthogonal system of functions under conditions
similar to the conditions in Theorem 1.1 is obtained by
Menchoff and Radimacher (we refer the readers to (Alimov et
al., 1992) and (Zygmund, 1959) for reference). Later in the
work (Bastis, 1983) the generalization of the Menchoff-
Radimacher theorem for spectral expansions of the elliptic
operators are established when the sequence of the spectral
expansions is taken over the dense set in R. Here, we
introduce new method to extend the Menchoff-Radimacher
Theorem for general elliptic operators without any conditions
like in Bastis (1983). We note that the Menchoff-Radimacher

Theorem can be applied to obtain the results on the a.e.
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o

convergence of the eigenfunction expansions connected with Z Z Z
= | /om |2

elliptic DOs in torus Ahmedov et al. (2018) and Ahmedov -
k=0 p(n,m)=2k

(2018). In the work of Geok et al. (2008), the positioning
method for Location Based Services based on non-Taylor  In the latter expression we proceed first complete the

series, which includes DFS, is investigated. The current gymmation over elliptic levels {(n,m) € Z x Z: p(n,m) = v},
research can be applied to develop Location Based Services  then by {v: v > 2%} = {v: log,v = k}:
positioning tools which can generate position information in

convenient way (Van Diggelen & Brown, 1994). oo [logzp(n,m)]

IDIDN S I M

k=0 p(n,m)=2k p(nm)=1
[log,v]

II. THE ESTIMATION FOR

LACUNARY MAXTMAL OPERATOR _ i o 2
- nmil -

. . . . v=1 k=0 pnm)=v
In this section, we estimate maximal operator summed over

the sets Y, = {(n,m): p(n,m) < 2}, k = 0,1,2, ... Let consider Using the identity Z[logzv] 1 =1 + [log,v], we write a latter as
the partial sums of the following special type follows

ExfEm) = XX f(n m)elné+mn), llog,v]

p(my<2t i YD =

v=1 k=0 p(nm)=v
The following Lemma shows that for such partial sums the

2
a.e. convergence has a place for the functions from L, (T?) =0 Z (1 +logzv) Z |fam|
p(nm)=v
with the additional conditions for the Fourier coefficients:

. . . Then, we finalize the estimation
Lemma 2.1 Let Fourier coefficients of the function f €

L, (T?) satisfy the condition

to 4o ﬂ-;lEzkf_f'Z =

S Vil + pm) < o

Nn=—00 Mm=-—0o0

=0() ) D Il (1 +pm))  (5)
Then, the partial sums E,«xf(§,1) a.e. converges to f(§,n) in n=—oo m=—oo
the torus T?. Moreover the maximal operator

By virtue of the condition in Eq. (4), we conclude that
Ef(&n) = sr;plEzkf(f,n)l

D Enf — I <o

satisfies the inequality O]

1
NE.fl,crz) = 0(1){Zn__w e |fnm|21n2(1 +p(n, m))}E The application of the Theorem of Bepo Levy (Jost, 2005)

gives that series
Proof. Let f € L,(T?). By using the Plancherel theorem, we

obtain o
D 1Eaef — 112
k=0
(IS s - rcemppaan -
2 k=0
© ! is a.e. convergent in the torus T2. The necessary condition for
IZ) ff ExfGm) =1, 77)) (Ezf (§,m) = £(¢,m))dédn the convergence of series is that the kth term should converge
=0 T2

to zero:
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%ergoEzkf =f ae.in T2
Using the inequality (a + b)? < 2a? + 2b?, we estimate
|(Eqxf — £)+f1? < 2(|Eof = fI2 +If1%).

|Egef]? =

By taking the supremum, we estimate

S < 21f12+2 ) [Eyef = f1%
k=0
Integration over the T? gives

fsz [E*f]z = szTz |f|2 + szTz Yk=o |E2kf _flz-

Finally, by using Eq. (5) in combination of

ff ey Z | I0(1 + p 1)),

n=-—oc m=

we obtain

ﬂ [E.f]* = 0(1) Z Z faml?In (1 + p(n,m)),

n=-—oco m=
which proves the statements of Lemma 2.1.

Lemma 2.2 The partial summation operator Ej

corresponding to the DFS of the function f € L,(T?) satisfy
the following inequality

f f [ sup |EfI?
0<k<2Y

Proof. Let f € L,(T?). We note that for any complex

Ifl’lmlz'

p(nm)<2¥-1

numbers z;, k = 0,1,2,---,2Y — 1 and for any natural number

I: 1<1<2Ywehave

=1 2v~—
Z _Zo|2<)’z Z

J—
.12
= Z_1)2/]
: i=1

Let denote z, = E f(x,y), k =1,2,3,-,
0.

2Y —1. We put z, =

28

We obtain

f f [ sup IEfI)
3y

ﬂ |Eipif — Ei 1)2Jf|

I/\
||M I

TZ
y-12v-i—1
<y |fnm|2
j=0 i=1 (i-1)2/sp(nm)<i2/
Z Vam
j=0 p(n,m)<2¥-1
We finalize as follows:
| fam %

|| U sup imrie <
2 0<k<2Y

p(nm)<2¥-1

Lemma 2.3 If Fourier coefficients of the function f € L,(T?)
satisfy the condition

+o00 400

Z Z |fam|2I02(1 + p(n, m)) < oo,

n=-—0 m=-—o

Then, for spectral decompositions E,v corresponding to the

DFS of function f following estimation holds

fsz [Z;ozz |E27f —Ezy—1f|]2 =

0w Y D" Vel (1 + p(r,m).

n=—0 m=-—co

Proof. Let f € L,(T?) and its Fourier coefficients satisfy the

condition

+0o0 +0oo

Y > @+ prm)) < oo

n=—00 Mm=—0oo

By applying the Cauchy-Swartz inequality to the summation
2130:2 |E2rf — Eqv1f|

we obtain

D \Earf = Earafl =
=2
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1)|Esz - E27‘1f|

© 1 2
yzz(y—l)z

1
[oe]
y=2 E(y -

N|=

> = V2w f — B f?
y=2

2
Integrating over the T* and from ¥;°_, ﬁ = "z we obtain

the estimation

Z |Exvf — Epraf|]| <

T2 |y=2
<= =12 [ 1Baf = EprafP?
= ]/ 2vY 2V
V6 £
y=2 T?

Application of the Lemma 2.2 gives
|| 1Bt = Baragi? =
T2

=0(1) Ifnml2

2Y~1<A(n,m)<2Y

Thus, we have

. 2
f IZ |Eyrf = Eysfl| =
T2 |y=2

—om) -1 o
y=2

2Y~1<A(n,m)<2Y

=0 Y. ) WA+ pm)lfaml

Nn=—00 Mm=—0oo
which completes the proof of Lemma 2.3.

THE A.E. CONVERGENCE OF
DFS

I11.

This section is devoted for the a.e. convergence of the DFS.
We note that in order to prove a.e. convergence, it is sufficient

to obtain the following estimation:

Iz Ef1? =

=0 Y > Il +pem) (6

n=—00 Mm=—co

In order to prove estimation (6) we proceed as follows: we
choose an arbitrary integer number k > 1 which has
representation k = 2V + [, where y € N and [ is an integer

such that 0 < [ < 2”. Therefore,

E.f = sup|Eyf|
k=1

<sup sup |Eyvyf —Epfl+ Sup|Esz|
y=10=1<2¥

<),
y=1 0si<2

sup |Egviif — Exvf|? + SUP|E2Vf|

= 11 +12.

Let first estimate /;. Using Lemma 2.2 we have

S 2
|fnm|

2Ysp(nm)<2¥+i-1

<toggk > |l

k-1<sp(nm)<k

which can be finalized as follows:

ﬂ 2dxdy < Z z 1og2(1 + p(n,m))|fam|”-

Nn=—0 m=—00

Let estimate I,. We note that Eyf = E;f + Xh_, [Exf —

Ek-1f]. We conclude that

[ee]
L = suplEyrfl < IEfI+ Z \Eyrf — Epyifl.
y=
y=1

Applying the inequality (a + b + ¢)? < 3a? + 3b% + 3¢% we

obtain

18 < BIES 17 + 31Eof — Ef? +30) 1Earf — By fIP
y=2

Integration of the IZ over the T? and application of the

Lemma 2.2 and Lemma 2.3 give
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[ epaxay =ow( Y+ D |l
!

p(n,m)<i 1<p(n,m)<2

+0(1)i G- D el
y=2

2Y~1<p(n,m)<2¥

=0 ) > logh(l +p(nm)lfaml”

n=—0 m=-—o

Collecting the estimations for I; and I,

szf [E.f]?dxdy < zﬂ (2 + 12)dxdy

=0 D > Ifamlflog? (1 + pn,m)).

n=—-00 Mm=-—0o

It is easy to see, that
Af < 2E.f.
which implies the following

Af =Mf = fie + fii}

= IliI;lsupEa(f—fk) = lim inf B, (f = fio)l

< 2E.(f = fi)-

Then, the fluctuation is estimated as below:

[[wre <4 [ 1m0 - o <
T2 T2

Y3 U T el m (1 + plr,m),

Which proves the estimation in Equation (6). Thus, using p(nm)>k

the estimation in Eq. (6) for the maximal operator we prove
a.e. convergence of the DFS by standard methods of the

Fourier analysis. Let g(§,n) € L,(T?) and
gn,m) =0,vn,m € Z:p(n,m) < k.

The maximal operator E,g(§ n) we denote by E® g&mn).In

the classes L, (T?) we obtain

[, [E®g?<c $¥ |g.nm[log?(l + p(n,m)).
pnm)>k

Then for any € > 0

£%mes {(E,r]) € T?: Efk)g(i,n) > e} <

11 [E® 1%,

which implies that for any positive ¢ the mes {(E,n) €

TZ:Efk)g(E,n) > s} -0 as k - oo, Next, let f € L,(T?) and

we denote by f,(§1),k =0,1,2,.. a function from L,(T?),
such that

fam = fe(n,m),vn,m € Z:p(n,m) < k.
Let us denote by Af (§, 1) the fluctuation of E; £ (§,n):

Af = |lim sup{E,f} —lig‘n inf{E;f}|
A—o00 —0

the right hand side of the latter inequality tends to o0 as k —
oo. Therefore, a.e. in (§1) € T? the fluctuation Af(§n) = 0.
So a.e. on T? for partial sums of the functions from L, (T?) we

have

mE;£&n) = fE )

IV. CONCLUSION

In the present research, we have proved a.e. convergence of
DFS summed over the elliptic levels. The sufficient conditions
for the a.e. convergence problems are obtained by
generalization of the well-known R-M Theorem for spectral
decomposition of the elliptic DOs. The estimations for the
maximal operator of the elliptic partial sums of the FS, which
guarantees the a.e. convergence of FS, is obtained by deep
analysis of the partial sums in the case of DFS. The extension
of the results of current paper for the general elliptic
operators with variable coefficients and pseudo-differential
Operators will be one of the main directions of future

developments in the theory of DFS.
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