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I. INTRODUCTION

Let C be a set of complex numbers, R = (—o, ©), a set of
real numbers and N: = {1,2,3,...} = N\{0} representing a
set of positive integers. Then, let A be defined as 4 =

{z:z € C,|z| < 1}, and an open unit disc denoted as a class

function expressed in (1).

f(2) =z + X, i 2" ®

The subclass of A is represented by S, which is a normalised
analytic function as shown in f'(0) =1 and f(0) =0.
Given that K (a) and S*(a) are expressed as the convex and
starlike functions respectively in the order of (0 < a < 1),
they can be represented by the renowned subclasses of S.

For (f € A), Al-Oboudi (2004) represented the operator as

thus:

DYf(2) = f(2),

Dif(2) = (1= 8)f(2) + 82f ' (2): = Dsf()(6 2 0) (2)
D3f(2) = D5 (D3 7'f(2)) (n € N) ®

As f is represented in (1), it can be seen from (2) and (3) that:

Dif(2) = z+ Eio[1+ (k= Do"a 2" (n€Ny) (4)
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where D§ f(0) = 0. The Sildgean’s differential operator is
obtained when:
6 = 1. (Silagean, 1983).

A function f: A — C is called univalent on 4 (or schlict or
one-to-one) if f(z;) # f(z,) for all z;,z, € A with z; # z,.
Based on Duren (1983), the theorem of Koebe’s one-quarter
showed the images of A for every univalent function, (f €
S)enclosing 1/4 radius disc. Hence, every inverse function of

f~1in (f € A) can be defined as:

fFUf@)=2z (zel),
fFOFtw)=w

1
<|W| <r(f)rn(f) = Z)
Furthermore, f ~1 is shown as:

gw) = fH(w) =w — a;w? + (2a3 — az)w® —

(5a3 — 5aa; + a))w* + -

(5)

A function (f € A) is called bi-univalent in 4, if every of f
or f~1 is univalent. Thus, the notation of bi-univalent
functions class is expressed as ). The background and
previous works on )’ can be found in Srivastava et al. (2010)

and Brannan and Taha (1986; 1988). Indeed, the research
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findings of Srivastava et al. (2010) have been used as the basis
of revitalisation for the research of numerous subclasses of bi-
univalent functions class 2. Several researchers that
conducted similar studies included: Aldawish et al. (2020),
Khan et al. (2020), Hern and Janteng (2020), Omar et al.
(2019), Porwal and Darus (2013), Bulut (2013), Caglar et al.
(2013), Hayami and Owa (2012), Xu et al. (2012a), Xu et al.
(2012b) and Frasin and Aouf (2011).

Next, the concept of subordination was used, given that
f(z) < g(2), with f being a subordinate to g, and both
functions taken to be analytic. This implies that f(z) =
gw(z)) , where w is taken as analytic in 4, which
corresponds to |w(z)| < 1and w(0) = 0.

Chebyshev polynomials applied in this study, is very
relevant in numerical analysis. Chebyshev orthogonal

polynomials are associated with important findings on T}, (x)

and U, (x) expressed as shown in (6).

sin(n+1)60

sin@

T,(x) =cosnf, U,(x)= (6)

where (—1 < x < 1) is expressed as x = cos 6, and

subscript n indicated the degree of the polynomial. With the

we identified that

. 1
use of the function: H(z,t) = Py

T

whent = cos «, ae( 3 g),thus,forallzezl,

sin(n+1)a
T an

H(z,t) =1+Y7, =1+2cosaz+

sina
(3cos? a — sin? a)z*+...
hence, we have:
H(z,t) =1+ U, (t)z + U,(t)z% + -
(ze4te(-11)

sin(narccost)

for U,_; = ,n € N and equally

_i2
U,(t) = 2tU,_1(t) — U, _,(t), where:
U, (t) = 2¢;

Uy(t) = 4t% — 1,

Us(t) = 8t3 —4t,... W)

Next, T;,(t)that generated the function is represented as:

1-tz
1-2tz+z2

Yn=o Ta(t)2" = (z € 4),

with t € [—1, 1]. Nevertheless, T,(t) and U,(t) of the
Chebyshev polynomials have the following relationships:
dT,(t)
dt
Ta(t) = Un(t) — tUn_4 (1),
2T, (8) = Upn(t) — Up—(2).

= nUTl—l (t)!

More details on the applications of Chebyshev polynomials
can be found in the studies of Doha (1994) and Mason (1967).

Inspired by the recent findings on the bi-univalent
functions by Giiney et al. (2017), Altinkaya and Yalcin (2016),
Dziok et al. (2015), Murugusundaramoorthy et al. (2015),
and Vijaya et al. (2014), we proposed the new subclasses of Y,
and determined the initial coefficients of |a,| and |a5| by the

application of Chebyshev polynomials associated with Al-

Oboudi differential operator.

II. METHODS

The main results of the subclasses were obtained by the

application of the following definitions:

Definition 1.

For0<A<1,6=0,n€eNandt € (—1,1),(f € X)ofthe

form (1) is said to be in the class of NZ‘S [n, 2, H], if:

Ds*'f(2) . D5**f(2)
DD o e
(8)
Ds*'gw) Dy g(w)
a-=2 Dgg(w) D} g(w) < Hw,0)

where D§ is the Al-Oboudi operator, g as specified in (5) and

zZ,w € A.

Remark 1.

The new subclasses of ¥ are introduced, by specifying the

elements of A and n in Definition 1, taking t € (—1,1) and
f(z)€X.

() Nyt [n, 0, H] = M5i(0, (2, t)) (Giiney et al., 2017)

(i) N¢[n, 1, H] = M§(1, ®(z, 1)) (Giiney et al., 2017)

(iii) Ny [0, 2, H] = Mg (A, @(z, 1)) (Giiney et al., 2017)

(iv) N¢[0,0, H] = MJ(0, ®(z, 1)) (Giiney et al., 2017)

(v) N$[0,1, H] = M (1, @(z, t)) (Giiney et al., 2017)
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Definition 2.
For 0<f <1 and t€(-1,1), a function, f €X as

contained in (1) is said to be in the class Ff [n, B, H],

if the following subordinations apply:

D¥ ’
(1-p) ‘”; @, B(DEf(2) < H(z 1),
Dn
-0 28 4 ppgyy < Hw,o,

D§ is denoted as the Al-Oboudi operator, g as expressed in

(5)andz,w € A.

Remark 2.
Consequently, taking t € (—1,1)and f(z) € X, and f and n
as expressed in Definition 2, we have the following subclasses

of ¥ as listed below:

(i) Fg[n,0,H] = F§(0,®(z,t)) (Giiney et al., 2017)
(i) F3[n, 1, H] = F(1, ®(z,t)) (Giiney et al., 2017)
(iii) F [0, B, H] = F (B, ®(z, 1)) (Giiney et al., 2017)
(iv) F#[0,0, H] = F2[0, ®(z, )] (Giiney et al., 2017)

™) F[0,1,H] = F(1,®(z,t)) (Giiney et al., 2017)

III. RESULTS

The main results of the subclasses are presented below:

Theorem 1.

Let f expressed in (1) be in the class Ng [n,A,H] and t €
(0,1). Based on these:

2tV2t

25(1 + 2A8)[1 + 26]"
(1283 4 3267 o
5(+2/15+5+ 1) [1+4]

+62(1 + 16)2[1 + 612

lay| <

4t2

and,
- 4t° N t
lasl < ST 2o v o1 T 50 & 220)[1 1 281"

where 0 < A < 1.

Proof.

Utilising (8), we have:

Dn+1f(z) Dn+2f(2)

(1 - A) gg.f(z) + l DZH-lf(Z) = H(u(z)l t)l (9)
P g(w) DFt2g(w)

A =D ma T Aopigm = HEW), D). (10)

u(z) and v(w) are denoted as:

u(z) = ¢z + cz%+.., (11)
v(w) = d;w + dyw?+... (12)
where:
lu(z)| <1,
lvw)l <1,

z € A and u(0) = v(0) = 0 are analytic in 4. It is equally
notable that:

[u@)| = lc1z + 2% + | < 1,

lv(w)| = |dyw + dyw?+...| < 1,

zZ,WE A,
where
lej| <1,]d| <1 (13)

Vj € N.

Using (11) and (12) in (9) and (10), respectively, we have:

L DP@ DR
=D0rre T o

=1+ U, (Duz) + U,(O)u?(z) + -,

(14)

n+1

5 gw)
-2 D%g(w)

=1+ U, (Ovw) + U,(O)v2(w) + -

n+2
D5

gw)
D3+t g(w)

In consideration of (1), (4), (5), (7) and (14), we have:

1+ 8(1 + A8)[1 + 8]"ayz

26(1 + 248)[1 + 26]™a;
—8(1 4226 + A6H)[1 + 5]*"a3

=1+ Uy (O)¢y + [Uy(O)c, + Up(D)cF1z% + -+,
1-6(1+28)[1 + 6]"azw

[45(1 +228)[1 + 281" ]az
+{ =61+ 228 + 262)[1 + 617 2 pw? + -
—28(1 4 228)[1 + 28]"a;

]ZZ+"'

=1+ U, (t)d,w + [U;(t)d, + U, (t)dZw?+..,
Thus:
5(1 4 A8)[1 + 8]"a, = U, (t)cy,
28(1 + 228)[1 + 26]a,
—85(1 42168 + A6H)[1 + 5]*"a2

(15)

(16)
= U;(t)c, + Uy (t)cf

—6(1 + A8)[1 + 8]"a, = U,(t)d,, (17)
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45(1 + 2A0)[1 + 261" 2 Corollary 2.
_ 2 2n| 42
(1 +248 + 26%)[1 + 8] Let f be in the class Fg[n, 1, H], then:
—28(1 + 228)[1 + 26]"a, (18)
= Uy (t)d, + U, (t)d3. la,| < 2tv2t
-y 26[1 + 28]+ ,
By utilising (15) and (17), we have: 583 + 3682 +36 + 1[1 + 612 **
c; = —dy, (19) +62[1 + §]2(+D)
2[6 + A8%)%[1 + 8]1%"a,? = UE(t)[c? + d?]. (20) 4¢2 ¢

las| < > +
(n+1) n+1
By the addition of (16) and (18) and inputting into (20), gave §*[1+4] 811 +24]

rise to the below expression: Given 6 = 1, resulted to Fy(1,9(z,t)) as introduced in

., U3(c, + dy) theorem 5 (Giiney et al., 2017).

“= {25(1 +228)[1 + 28] }Uz N
2|1=6(1 + 225 + 282)[1 + 8]2n) VT (D
—82(1 + A8)2[1 + 812"U, (1)

Corollary 3.
Let f be in the class Ng[O, A, H], then:

2tV2t
Taking c,and d,, as expressed in (13) and inputting into (7), la,| < )
Ited to: 6%2(1 + 16)?
resulted to: —§(8302 + 3462 — 248 + & — 1)4t2
2tV2t

laz| < R

26(1 + 226)[1 + 26" 4r2 62(1+28)%2 81+ 2216)

—8(A%263 + 34824246+ 5 + 1)[1 + 6]

+62(1 + 18)2[1 + 8] where 0 < 1 < 1.

Given § = 1, resulted to MZO (/1,¢'(Z, t)) as introduced in
By the subtraction of (18) from (16) and inputting into (19)

theorem 5 (Giiney et al., 2017).
and (20), resulted to: 5( y 7)

Corollary 4.
2 2 2
= U () (et +di) + U, (t)(c2 — d2) Taken f to be in the class Ng [0,0, H], then:
372821+ 26)2[1 + 612" 48(1 + 2A68)[1 + 26]"
2tV2¢

Using (7), and once again applying (13) to the coefficients laz| < \/|62 — 50 — 1)4t2|’
€1,C5,dq, and d,, resulted to: 4?2 ¢
<—+-
|a3| - 62 + 6

2
lay| < 4t + t
82(1 4+ A6)%[1 4 812" 8(1 + 248)[1 + 26]"

Taken § = 1, then, we had M§(O, D(z, t)) as introduced in

Based on theorem 5, the following corollaries were obtained.  theorem 5 (Giiney et al., 2017).

Corollary 1. Corollary 5.
Let f be in the class N§ [n,0, H], then: Taken f to be in the class Ng [0,1, H], then:
2tV2t 2t\2t

la,| < la,| <

|[25[1 + 281" — 8(8 + 1[1 + 8§]2n]4t2 V182(1 + 8)2 — 6(8% + 362 — 26 + 6 — 1)4t?|

+62[1 + 8] nd

4t2 t 4t2 t
< + .
15| < Sarr 57 T ST+ zo1™ 4l < ST a) T 5+ 20)

Taken & = 1, resulted to Ms(0,@(zt)) as introduced in Taken § =1, and t # 1/4/2, resulted to Mzo(l.‘D(Z, t)) as

theorem 5 (Giiney et al., 2017). introduced in theorem 5 (Giiney et al., 2017).
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Theorem 2.

Taken f as contained in (1) to be in the class Fg [n, B, H)]

and t € (0,1) resulted to:

lay| < 202t (21)
[(A+2B)[14+28]"—(1+B)2[1+6]21]4t2
+(1+B)?[146]?"

and
4t2 2t
las| < wprieer T eeprzey 2
Proof.

According to the proofs obtained in theorem (5), we acquired

the succeeding expressions below:

1+ [+ 61"a, = Uy (t)cy, (23)

1+ 2B)[1 + 28]™az = U,(t)c, + Uy (t)ct, (24)

-1+ )1+ 6]1"a, = U, ()d,, (25)
21+ 2B)[1 +26]%a% — (1 + 2B)[1 + 26]"a; =

U, (t)d, + U,(t)d2. (26)

From (23) and (25), it was established that:
¢, = —dy, (27)
2(1 + B)2[1 + 81%"ai = UZ(t)(cE + d?). (28)

Then, the utilisation of (24), (26), and (28) resulted to:

L U3 (8)(c, + dy)
92 = L[+ 2BL+2870F () |
—(1+ B)?[1 + 6]%"U,(¢t)

Then, by the use of (7) and (13) for the coefficients ¢, and d,,
we obtained the sought-after bound on |a,| as stated in (21),
and by subtracting (26) from (24), and inputting into (27) and
(28), resulted to:

VRO +d)
T2+ B[+ o1

Uy (t)(c; — dy)
21+ 2B)[1 + 261
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