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Let 𝑓(𝑥, 𝑦) be a seventh-degree polynomial with two variables in with complete dominant terms. 

Suppose 𝑝 > 7 is a prime, the exponential sums of polynomial 𝑓(𝑥, 𝑦) is defined by 𝑆(𝑓; 𝑝𝛼) =

∑ 𝑒
2𝜋𝑖 𝑓(𝑥,𝑦)

𝑝𝛼
𝑥,𝑦 𝑚𝑜𝑑 𝑝 , where the sum is taken over a complete set of residue modulo 𝑝. In order to get the 

value of 𝑆(𝑓; 𝑝𝛼), the cardinality 𝑁(𝑔, ℎ; 𝑝𝛼) must be obtained first. In this paper, we discuss the 

Newton Polyhedron technique in finding the 𝑝-adic sizes of common zeros of the partial derivative 

polynomials 𝑓𝑥 and 𝑓𝑦 which derive from 𝑓(𝑥, 𝑦). Then, the estimation of the cardinality and 

exponential sums of polynomial 𝑓(𝑥, 𝑦) will be determined accordingly. For 𝛼 > 1, the exponential 

sums of  𝑓(𝑥, 𝑦) is given by |𝑆(𝑓; 𝑝𝛼)| ≤ min {𝑝2𝛼 , 36𝑝𝛼+1+36𝛿+6𝜔0+12𝑞} where 𝛿, 𝜔0, 𝑞 ≥ 0. 
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I. INTRODUCTION 
 

 

In this paper, 𝑍𝑝 denotes as the field of 𝑝-adic integer. 𝑝 

denotes as the completion of algebraic closure of the field 

of rational 𝑝-adic numbers 𝑄𝑝. The highest power of 𝑝 

which divides 𝑥 is denoted by 𝑜𝑟𝑑𝑝 𝑥. 

Loxton & Smith (1982) estimated the cardinality 

𝑁(𝑓, 𝑝𝛼) by the 𝑝-adic sizes of common zeros of partial 

derivative polynomials associated with 𝑓 in the 

neighborhood of points in the product space 𝑝
𝑛, 𝑛 > 0. 

Loxton & Vaughan (1985) studied the estimation of 

exponential sums by using the number of common zeros 

of partial derivative polynomials with respect to 𝑥 modulo 

𝑞. 

Mohd. Atan & Loxton (1986) used the Newton 

polyhedral method to obtain the 𝑝-adic sizes of 

polynomials in 𝑝[𝑥, 𝑦] which is an analogue of Newton 

polygon in Koblitz (1977). They estimated the cardinality 

for certain lower-degree polynomials 𝑓(𝑥, 𝑦) over 𝑍𝑝. 

The estimations with Newton polyhedron technique 

for lower degree two-variable polynomials are also found 

in Mohd. Atan (1986), Chan & Mohd. Atan (1997), Heng & 

Mohd. Atan (1999) as well as Sapar & Mohd. Atan (2002). 

However, the results for the higher degree polynomials are 

less complete. 

Then, Sapar & Mohd. Atan (2009) gave the 𝑝-adic sizes 

of common zeros of partial derivative polynomials 

associated with a quintic form for prime 𝑝 > 5. 

Yap et al. (2011) showed that the 𝑝-adic sizes of 

common zeros of partial derivative polynomials associated 

with a cubic form can be found explicitly on the indicator 

diagrams by using Newton polyhedron technique. 

Sapar et al. (2013) also investigated the estimation of 

𝑝-adic sizes of common zeros of degree nine polynomial.  

Aminudin et al. (2014) continued the research of Yap 

et al. (2011) on a complete cubic form polynomial. They 

found that the result is different due to different form of 

the cubic polynomials. This means different form of 

polynomials will result different 𝑝-adic sizes although both 

of them are cubic polynomials.  

Next, Sapar et al. (2014) studied the estimation of 𝑝-

adic sizes of an eighth-degree polynomial. Lasaraiya et al. 

(2016a) and Lasaraiya et al. (2016b) researched on the 
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cardinality 𝑁(𝑓𝑥 , 𝑓𝑦; 𝑝𝛼) of twelfth- and eleventh-degree 

polynomials respectively. 

In this paper, we apply the Newton polyhedron 

technique to determine the 𝑝-adic sizes of the partial 

derivative polynomials of 𝑓(𝑥, 𝑦) in 𝑍𝑝[𝑥, 𝑦] of a degree 

seven. Then, we obtain the estimation of cardinality and 

the exponential sums of the polynomial  

𝑓(𝑥, 𝑦) = 𝑎𝑥7 + 𝑏𝑥6𝑦 + 𝑐𝑥5𝑦2 + 𝑑𝑥4𝑦3 + 𝑒𝑥3𝑦4 

                    +𝑘𝑥2𝑦5 + 𝑚𝑥𝑦6 + 𝑛𝑦7 + 𝑟𝑥 + 𝑠𝑦 + 𝑡. 

 

II. 𝑷-ADIC SIZE OF COMMON ZERO 

OF POLYNOMIAL 
 

Sapar & Mohd. Atan (2002) proved that every point of 

intersection of the Indicator diagrams, there exist common 

zeros of both polynomials in 𝑍𝑝[𝑥, 𝑦] which 𝑝-adic sizes 

correspond to point (𝜇1, 𝜇2) as in the following. 

Theorem 1 Let p be a prime. Suppose 𝑓 and 𝑔 are 

polynomials in 𝑍𝑝[𝑥, 𝑦]. Let (𝜇1, 𝜇2) be a point of 

intersection of the Indicator diagrams associated with 𝑓 and 

𝑔 at the vertices or simple points of intersections. Then 

there are  and  in 𝑝
2  satisfying 𝑓(,) = 𝑔(,) = 0 and 

𝑜𝑟𝑑𝑝  = 𝜇1, 𝑜𝑟𝑑𝑝  = 𝜇2. 

The following theorem gives the 𝑝-adic size of 

common zero of polynomial that we consider. 

Theorem 2  Let 𝑓(𝑥, 𝑦) = 𝑎𝑥7 + 𝑏𝑥6𝑦 + 𝑐𝑥5𝑦2 + 𝑑𝑥4𝑦3 +

𝑒𝑥3𝑦4 + 𝑘𝑥2𝑦5 + 𝑚𝑥𝑦6 + 𝑛𝑦7 + 𝑟𝑥 + 𝑠𝑦 + 𝑡 be a polynomial 

in 𝑍𝑝[𝑥, 𝑦] and (𝑥0, 𝑦0) be a point in 𝑝
2  with 𝑝 > 7 is a 

prime. Let  𝛼 > 0, 

𝛿 = max{𝑜𝑟𝑑𝑝𝑎,  𝑜𝑟𝑑𝑝𝑏,  𝑜𝑟𝑑𝑝𝑐, 𝑜𝑟𝑑𝑝𝑑, 𝑜𝑟𝑑𝑝𝑒,  

𝑜𝑟𝑑𝑝𝑘, 𝑜𝑟𝑑𝑝𝑚, 𝑜𝑟𝑑𝑝𝑛}. If 𝑜𝑟𝑑𝑝 𝑓𝑥(𝑥 − 𝑥0, 𝑦 − 𝑦0), 

𝑜𝑟𝑑𝑝 𝑓𝑦(𝑥 − 𝑥0, 𝑦 − 𝑦0) ≥ 𝛼 > 𝛿, then there exists (,) 

such that 𝑓𝑥(,) = 0, 𝑓𝑦(,) = 0. The 𝑝-adic sizes are 

given by 

𝑜𝑟𝑑𝑝( − 𝑥0) ≥
1

6
(𝛼 − 34𝛿) − 𝜀1, 

 𝑜𝑟𝑑𝑝( − 𝑦0) ≥
1

6
(𝛼 − 22𝛿) − 𝜀2 

for 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 ≠ 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚) 

(5𝑐𝑚 − 𝑘𝑑), and 

𝑜𝑟𝑑𝑝( − 𝑥0) ≥
1

6
(𝛼 − 34𝛿) − 𝜀3 −

1

2
𝜔0, 

 𝑜𝑟𝑑𝑝( − 𝑦0) ≥
1

6
 (𝛼 − 22𝛿) − 𝜀4 −

1

2
𝜔0 

for 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 = 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚) 

(5𝑐𝑚 − 𝑘𝑑), where 𝜀1, 𝜀2, 𝜀3, 𝜀4, 𝜔0 ≥ 0. 

In order to prove Theorem 2, we take a linear 

combination of 𝑔 = 𝑓𝑥(𝑥, 𝑦) and ℎ = 𝑓𝑦(𝑥, 𝑦) as 𝑔 + ℎ. 

Then, we do a transformation by letting 𝑈 = (𝑋 + 𝑥0) +

1

6
𝛼1(𝑌 + 𝑦0) and 𝑉 = (𝑋 + 𝑥0) +

1

6
𝛼2(𝑌 + 𝑦0) where 𝛼1 =

6𝑏+21𝑐

6(7𝑎+1𝑏)
 and 𝛼2 =

6𝑏+22𝑐

6(7𝑎+2𝑏)
  that we needed in the following 

lemma. 

Lemma 1  Let 1, 2 be the zeros of quadratic function 𝑧() 

in the form 𝑧() = (21𝑑𝑛 − 3𝑒𝑚)2 + (35𝑐𝑛 − 𝑒𝑘) +

(5𝑐𝑚 − 𝑘𝑑). Suppose 𝑝 is a  prime  and  𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑘, 𝑚, 𝑛  in  

𝑍𝑝 ,     then 

𝑜𝑟𝑑𝑝(𝛼1 − 𝛼2) = 

 
1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 − 4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)] 

−𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) + 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) 

−𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏) − 𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏). 

Proof.  𝛼1 − 𝛼2 =
(1−2)(14𝑎𝑐−6𝑏2)

6(7𝑎+1𝑏)(7𝑎+2𝑏)
 . Take 𝑜𝑟𝑑𝑝 on both sides 

and substitute the expression of 1 − 2 =

√(35𝑐𝑛−𝑒𝑘)2−4(21𝑑𝑛−3𝑒𝑚)(5𝑐𝑚−𝑘𝑑)

(21𝑑𝑛−3𝑒𝑚)
, we obtain: 

𝑜𝑟𝑑𝑝(𝛼1 − 𝛼2) 

=
1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 − 4(21𝑑𝑛 − 3𝑒𝑚) 

    (5𝑐𝑚 − 𝑘𝑑)] − 𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) 

    +𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) − 𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏) 

    −𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏).                                               

Lemma 2 Let 𝑝 > 7 be a prime and 𝑎, 𝑏, 𝑐, 𝑑, 𝑒,  

𝑘, 𝑚, 𝑛, 𝑟, 𝑠 in 𝑍𝑝. Suppose (𝑋 + 𝑥0 , 𝑌 + 𝑦0) in 𝑝
2, 𝛿 =

𝑚𝑎𝑥{𝑜𝑟𝑑𝑝𝑎,  𝑜𝑟𝑑𝑝𝑏,  𝑜𝑟𝑑𝑝𝑐, 𝑜𝑟𝑑𝑝𝑑, 𝑜𝑟𝑑𝑝𝑒,  

𝑜𝑟𝑑𝑝𝑘, 𝑜𝑟𝑑𝑝𝑚, 𝑜𝑟𝑑𝑝𝑛} and 𝑜𝑟𝑑𝑝𝑟, 𝑜𝑟𝑑𝑝𝑠 ≥ 𝛼 > 𝛿. 

If 𝑜𝑟𝑑𝑝𝑈 =
1

6
𝑜𝑟𝑑𝑝 ( 𝑟+1𝑠

7𝑎+1𝑏
) and 𝑜𝑟𝑑𝑝𝑉 =

1

6
𝑜𝑟𝑑𝑝 ( 𝑟+2𝑠

7𝑎+2𝑏
) with 

the condition 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 ≠ 𝑜𝑟𝑑𝑝4(21𝑑𝑛 −

3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)where = 𝑥 + 𝛼1𝑦         and         𝑉 = 𝑥 + 𝛼2𝑦 ,           

then  

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥
1

6
(𝛼 − 34𝛿)                                and  

𝑜𝑟𝑑𝑝( 𝑌 + 𝑦0) ≥
1

6
(𝛼 − 22𝛿). 

Proof. Let 𝑥 = 𝑋 + 𝑥0 and 𝑦 = 𝑌 + 𝑦0. Substitute into 𝑈 =

𝑥 + 𝛼1𝑦 and 𝑉 = 𝑥 + 𝛼2𝑦, we have 

(𝑋 + 𝑥0) =
𝛼1𝑉 − 𝛼2𝑈

𝛼1 − 𝛼2
 ,                     (1) 

(𝑌 + 𝑦0) =
𝑈 − 𝑉

𝛼1 − 𝛼2
.                            (2) 

From (2),   

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) ≥ min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} 

                             −𝑜𝑟𝑑𝑝(𝛼1 − 𝛼2).            (3) 

By Lemma 1, we have   

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) 
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≥ min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} −
1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 

    −4(21𝑑𝑛 − 3𝑒𝑚) (5𝑐𝑚 − 𝑘𝑑)] + 𝑜𝑟𝑑𝑝 

    (21𝑑𝑛 − 3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝 

    (7𝑎 + 1𝑏)+𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏). 

Since 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 ≠ 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚) 

(5𝑐𝑚 − 𝑘𝑑), we consider two cases. 

Case (i):  𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 > 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 −

𝑘𝑑), 

Case (ii): 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 < 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 −

𝑘𝑑). 

For Case (i), equation (3) becomes 

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) ≥ min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} −
1

2
𝑜𝑟𝑑𝑝 

                             (5𝑐𝑚 − 𝑘𝑑) +
1

2
 𝑜𝑟𝑑𝑝(21𝑑𝑛 

                             −3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2)       

                              +𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏)(7𝑎 + 2𝑏).    (4) 

We continue with another two cases which are 

min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} = 𝑜𝑟𝑑𝑝𝑈                          and 

min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} = 𝑜𝑟𝑑𝑝𝑉. 

For both cases, we have 

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) ≥
1

6
 min{𝑜𝑟𝑑𝑝𝑟, 𝑜𝑟𝑑𝑝𝑖𝑠}         

                               −
1

2
 min{𝑜𝑟𝑑𝑝𝑐𝑚, 𝑜𝑟𝑑𝑝𝑘𝑑} 

                               − min{𝑜𝑟𝑑𝑝𝑎𝑐, 𝑜𝑟𝑑𝑝𝑏2}               

                 −
1

3
 min{𝑜𝑟𝑑𝑝𝑑𝑛, 𝑜𝑟𝑑𝑝𝑒𝑚}          (5) 

where 𝑖 = 1, 2. 

By hypothesis, we substitute 𝛼 and 𝛿, we have   

𝑜𝑟𝑑𝑝( 𝑌 + 𝑦0) ≥
1

6
(𝛼 − 22𝛿).                   (6) 

For Case (ii), equation (3) becomes 

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) 

 ≥ min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} −
1

2
𝑜𝑟𝑑𝑝(5𝑐𝑚 − 𝑘𝑑) 

     +
1

2
 𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) 

     +𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏)(7𝑎 + 2𝑏). 

It is same as (4). As a result, we will get (6). Now, we     need   

to   obtain   the    𝑝-adic      size         of  

(𝑋 + 𝑥0).   By    Lemma 1,   equation  (1)   becomes 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) 

 

≥ min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} −
1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 

    −4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)] + 𝑜𝑟𝑑𝑝 

(21𝑑𝑛 − 3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝 

(7𝑎 + 1𝑏)+𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏).                            (7) 

Since 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 ≠ 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚) 

(5𝑐𝑚 − 𝑘𝑑), we consider two cases. 

Case (iii): 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 > 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 −

𝑘𝑑), 

Case (iv): 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 < 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 −

𝑘𝑑). 

For Case (iii), equation (7) becomes 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥ min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} −
1

2
𝑜𝑟𝑑𝑝 

                            (5𝑐𝑚 − 𝑘𝑑) +
1

2
𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) 

                             −𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝 

                             (7𝑎 + 1𝑏)(7𝑎 + 2𝑏).                (8) 

We continue with another two cases which are 

min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} = 𝑜𝑟𝑑𝑝𝛼1𝑉             and 

min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} = 𝑜𝑟𝑑𝑝𝛼2𝑈.  

For both cases, we obtain 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥ 

1

6
 min{𝑜𝑟𝑑𝑝𝑟, 𝑜𝑟𝑑𝑝𝑖𝑠} −

1

2
 min{𝑜𝑟𝑑𝑝𝑐𝑚, 𝑜𝑟𝑑𝑝𝑘𝑑} 

− min{𝑜𝑟𝑑𝑝𝑎𝑐, 𝑜𝑟𝑑𝑝𝑏2} −
4

3
 min{𝑜𝑟𝑑𝑝𝑑𝑛, 𝑜𝑟𝑑𝑝𝑒𝑚} 

where 𝑖 = 1, 2. 

By hypothesis, we obtain  

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥
1

6
(𝛼 − 34𝛿).                     (9) 

For Case (iv), equation (7) becomes 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥ 

min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} −
1

2
𝑜𝑟𝑑𝑝[4(21𝑑𝑛 − 3𝑒𝑚) 

(5𝑐𝑚 − 𝑘𝑑)] + 𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) − 𝑜𝑟𝑑𝑝 

(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏)+𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏). 

That is, 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥ min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} −
1

2
𝑜𝑟𝑑𝑝 

                            +𝑜𝑟𝑑𝑝(5𝑐𝑚 − 𝑘𝑑) +
1

2
 𝑜𝑟𝑑𝑝 

                            (21𝑑𝑛 − 3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) 

                            +𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏)(7𝑎 + 2𝑏). 

It is same as (8). As a result, we will get (9).          

In order to see the validity of our result and by Bezout’s 

Theorem, we have  𝛼 > (𝑛 − 1)2𝛿. Then, we have 𝛼 > 36𝛿 in 

which  𝛼 − 36𝛿  is the minimum value that we can get. In 

Lemma 2, we have  𝛼 − 34𝛿 and 𝛼 − 22𝛿 are greater than 

the minimum value. Thus, our lemma is valid. 

Lemma 3 Let 𝑝 > 7 be a prime and 𝑎, 𝑏, 𝑐, 𝑑, 𝑒,  

𝑘, 𝑚, 𝑛, 𝑟, 𝑠 in 𝑍𝑝. Suppose (𝑋 + 𝑥0 , 𝑌 + 𝑦0) in 𝑝
2, 𝛿 =

𝑚𝑎𝑥{𝑜𝑟𝑑𝑝𝑎,  𝑜𝑟𝑑𝑝𝑏,  𝑜𝑟𝑑𝑝𝑐, 𝑜𝑟𝑑𝑝𝑑, 𝑜𝑟𝑑𝑝𝑒,  

𝑜𝑟𝑑𝑝𝑘, 𝑜𝑟𝑑𝑝𝑚, 𝑜𝑟𝑑𝑝𝑛} and 𝑜𝑟𝑑𝑝𝑟, 𝑜𝑟𝑑𝑝𝑠 ≥ 𝛼 > 𝛿. 
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If 𝑜𝑟𝑑𝑝𝑈 =
1

6
𝑜𝑟𝑑𝑝 ( 𝑟+1𝑠

7𝑎+1𝑏
) and 𝑜𝑟𝑑𝑝𝑉 =

1

6
𝑜𝑟𝑑𝑝 ( 𝑟+2𝑠

7𝑎+2𝑏
) with 

the condition 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 = 𝑜𝑟𝑑𝑝4(21𝑑𝑛 −

3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑) where 𝑈 = 𝑥 + 𝛼1𝑦 and 𝑉 = 𝑥 + 𝛼2𝑦, then 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥
1

6
(𝛼 − 34𝛿) −

1

2
𝜔0 and 𝑜𝑟𝑑𝑝( 𝑌 + 𝑦0) ≥

1

6
(𝛼 − 22𝛿) −

1

2
𝜔0 for some 𝜔0 ≥ 0. 

Proof. From Lemma 2, we have 

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) 

≥ min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} −
1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 

    −4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)] + 𝑜𝑟𝑑𝑝(21𝑑𝑛 − 

    3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏) 

    +𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏). 

If min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} = 𝑜𝑟𝑑𝑝𝑈, then we obtain 

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) ≥ 

1

6
𝑜𝑟𝑑𝑝 (

𝑟+1𝑠

7𝑎+1𝑏
) −

1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 − 4(21𝑑𝑛 

−3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)] + 𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) − 𝑜𝑟𝑑𝑝 

(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏)+𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏). 

Now, let 𝑜𝑟𝑑𝑝(35𝑐𝑛 − 𝑒𝑘)2 = 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 −

𝑘𝑑) = 𝛾, we have (35𝑐𝑛 − 𝑒𝑘)2 = 𝐴𝑝𝛾 and 4(21𝑑𝑛 −

3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑) = 𝐵𝑝𝛾 where 𝑜𝑟𝑑𝑝𝐴 = 𝑜𝑟𝑑𝑝𝐵 = 0. Then, 

𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 −  4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)] 

= 𝑜𝑟𝑑𝑝(𝐴𝑝𝛾 − 𝐵𝑝𝛾) = 𝛾 + 𝜔0 

where 𝜔0 = 𝑜𝑟𝑑𝑝(𝐴 − 𝐵) ≥ 0. 

Now, we choose 𝛾 = 𝑜𝑟𝑑𝑝4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑) and 

substitute the expression of 1, 2. Then, 

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) ≥ 

1

6
𝑜𝑟𝑑𝑝(𝑟 + 1𝑠) −

1

2
𝑜𝑟𝑑𝑝(5𝑐𝑚 − 𝑘𝑑) −

1

3
𝑜𝑟𝑑𝑝 

(21𝑑𝑛 − 3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) −
1

2
𝜔0. 

By using the hypothesis, we have 

𝑜𝑟𝑑𝑝( 𝑌 + 𝑦0) ≥
1

6
(𝛼 − 22𝛿) −

1

2
𝜔0 

for some 𝜔0 ≥ 0. 

If min{𝑜𝑟𝑑𝑝𝑈, 𝑜𝑟𝑑𝑝𝑉} = 𝑜𝑟𝑑𝑝𝑉, then we obtain 

𝑜𝑟𝑑𝑝(𝑌 + 𝑦0) ≥ 

1

6
𝑜𝑟𝑑𝑝 (

𝑟+2𝑠

7𝑎+2𝑏
) −

1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 

−4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)] + 𝑜𝑟𝑑𝑝(21𝑑𝑛 

−3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏)                         

+𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏).  

By substituting the expression of 1, 2 and using the 

hypothesis, we have  

𝑜𝑟𝑑𝑝( 𝑌 + 𝑦0) ≥
1

6
(𝛼 − 22𝛿) −

1

2
𝜔0 

for some 𝜔0 ≥ 0. 

Also, from Lemma 2, we have 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥ 

min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} −
1

2
𝑜𝑟𝑑𝑝[(35𝑐𝑛 − 𝑒𝑘)2 

−4(21𝑑𝑛 − 3𝑒𝑚)(5𝑐𝑚 − 𝑘𝑑)] + 𝑜𝑟𝑑𝑝(21𝑑𝑛 

−3𝑒𝑚) − 𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) + 𝑜𝑟𝑑𝑝(7𝑎 + 1𝑏) 

+𝑜𝑟𝑑𝑝(7𝑎 + 2𝑏).  

If min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} = 𝑜𝑟𝑑𝑝𝛼1𝑉. By using the same 

argument, we obtain 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥
1

6
𝑜𝑟𝑑𝑝(𝑟 + 2𝑠) −

1

2
𝑜𝑟𝑑𝑝(5𝑐𝑚 − 𝑘𝑑) 

−
4

3
𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) 

               −𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) −
1

2
𝜔0. 

For the case min{𝑜𝑟𝑑𝑝𝛼1𝑉, 𝑜𝑟𝑑𝑝𝛼2𝑈} = 𝑜𝑟𝑑𝑝𝛼2𝑈. By using 

the similar manner, we have 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥
1

6
𝑜𝑟𝑑𝑝(𝑟 + 1𝑠) −

1

2
𝑜𝑟𝑑𝑝(5𝑐𝑚 − 𝑘𝑑)

−
4

3
𝑜𝑟𝑑𝑝(21𝑑𝑛 − 3𝑒𝑚) 

               −𝑜𝑟𝑑𝑝(14𝑎𝑐 − 6𝑏2) −
1

2
𝜔0. 

By hypothesis, we have the following result: 

𝑜𝑟𝑑𝑝(𝑋 + 𝑥0) ≥
1

6
(𝛼 − 34𝛿) −

1

2
𝜔0 

for some 𝜔0 ≥ 0 as asserted.            

Now, we will prove the Theorem 2. 

Proof of Theorem 2. 

Let 𝑔 = 𝑓𝑥  and ℎ = 𝑓𝑦. Suppose 𝑥 = 𝑋 + 𝑥0 and 𝑦 = 𝑌 + 𝑦0. 

By completing the sixth degree,  

𝑔 + ℎ

7𝑎 + 𝑏
= [(𝑋 + 𝑥0) +

1

6
(

6𝑏 + 2𝑐

7𝑎 + 𝑏
) (𝑌 + 𝑦0)]

6

 

+ (
𝑟 + 𝑠

7𝑎 + 𝑏
)                                          (10) 

with 

(
6𝑏 + 2𝑐

7𝑎 + 𝑏
)

2

−
36

15
(

5𝑐 + 3𝑑

7𝑎 + 𝑏
) = 0          (11) 

(
6𝑏 + 2𝑐

7𝑎 + 𝑏
)

3

−
54

5
(

4𝑑 + 4𝑒

7𝑎 + 𝑏
) = 0          (12) 

(
6𝑏 + 2𝑐

7𝑎 + 𝑏
)

4

−
432

5
(

3𝑒 + 5𝑘

7𝑎 + 𝑏
) = 0        (13) 

(
6𝑏 + 2𝑐

7𝑎 + 𝑏
)

5

− 64 (
2𝑘 + 6𝑚

7𝑎 + 𝑏
) = 0         (14) 

(
6𝑏 + 2𝑐

7𝑎 + 𝑏
)

6

− 66 (
𝑚 + 7𝑛

7𝑎 + 𝑏
) = 0.          (15) 

By solving (11), (12), (13), (14) and (15) simultaneously, we 

obtain a quadratic equation 

(21𝑑𝑛 − 3𝑒𝑚)2 + (35𝑐𝑛 − 𝑒𝑘) + (5𝑐𝑚 − 𝑘𝑑) = 0. 
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Let 

𝑈 = (𝑋 + 𝑥0) +
1

6
(

6𝑏 + 21𝑐

7𝑎 + 1𝑏
) (𝑌 + 𝑦0)             (16) 

𝑉 = (𝑋 + 𝑥0) +
1

6
(

6𝑏 + 22𝑐

7𝑎 + 2𝑏
) (𝑌 + 𝑦0),            (17) 

we have 

𝑔 + 1ℎ = (7𝑎 + 1𝑏)𝑈6 + 𝑟 + 1𝑠            (18) 

𝑔 + 2ℎ = (7𝑎 + 2𝑏)𝑉6 + 𝑟 + 2𝑠.           (19) 

We let 𝐹(𝑈, 𝑉) = 𝑔 + 1ℎ and 𝐺(𝑈, 𝑉) = 𝑔 + 2ℎ. 

The combination of the indicator diagrams associated with 

the Newton polyhedron of (18) and (19) as shown in Figure 

1. There exists a point (𝑈, 𝑉) such that 𝐹(𝑈, 𝑉) = 0 and 

𝐺(𝑈, 𝑉) = 0 where (𝜇1, 𝜇2) is the point of intersection in the 

indicator diagrams of 𝐹(𝑈, 𝑉) and 𝐺(𝑈, 𝑉). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. The indicator diagrams for the polynomials of 

𝐹(𝑈, 𝑉) (dash line) and 𝐺(𝑈, 𝑉) (solid line). 

 

Let 𝑈 = �̂� and 𝑉 = �̂�. From (16) and (17), there exists (�̂� +

�̂�0) and (�̂� + �̂�0)  in such a way that: 

(�̂� + �̂�0) =
𝛼1�̂� − 𝛼2�̂�

𝛼1 − 𝛼2
 , (�̂� + �̂�0) =

�̂� − �̂�

𝛼1 − 𝛼2
 

where  𝛼1 =
6𝑏+21𝑐

6(7𝑎+1𝑏)
 , 𝛼2 =

6𝑏+22𝑐

6(7𝑎+2𝑏)
 and 1, 2 are the zeros 

of 𝑧() in Lemma 1. Next, we find 𝑜𝑟𝑑𝑝�̂� and 𝑜𝑟𝑑𝑝�̂�. From 

Lemma 2, we have 

𝑜𝑟𝑑𝑝(�̂� + �̂�0) ≥
1

6
(𝛼 − 34𝛿), 

𝑜𝑟𝑑𝑝( �̂� + �̂�0) ≥
1

6
(𝛼 − 22𝛿). 

By the following property,   

 𝑜𝑟𝑑𝑝( 𝐴 ± 𝐵) ≥ min {𝑜𝑟𝑑𝑝𝐴, 𝑜𝑟𝑑𝑝𝐵}, we have 

𝑜𝑟𝑑𝑝(�̂� + �̂�0) ≥ 𝑜𝑟𝑑𝑝�̂� + 𝜀1 

𝑜𝑟𝑑𝑝(�̂� + �̂�0) ≥ 𝑜𝑟𝑑𝑝�̂� + 𝜀2 

for some 𝜀1, 𝜀2 ≥ 0. Thus, we will have 

𝑜𝑟𝑑𝑝�̂� ≥
1

6
(𝛼 − 34𝛿) − 𝜀1, 

𝑜𝑟𝑑𝑝�̂� ≥
1

6
(𝛼 − 22𝛿) − 𝜀2. 

We let  = �̂� + �̂�0 and  = �̂� + �̂�0 , then 

𝑜𝑟𝑑𝑝( − �̂�0) ≥
1

6
(𝛼 − 34𝛿) − 𝜀1, 

𝑜𝑟𝑑𝑝( − �̂�0) ≥
1

6
(𝛼 − 22𝛿) − 𝜀2. 

By back substitution, we have  

𝑔(,) = 𝑓𝑥(,) = 0 and ℎ(,) = 𝑓𝑦(,) = 0. 

From Lemma 3, we have 

𝑜𝑟𝑑𝑝(�̂� + �̂�0) ≥
1

6
(𝛼 − 34𝛿) −

1

2
𝜔0 

𝑜𝑟𝑑𝑝( �̂� + �̂�0) ≥
1

6
(𝛼 − 22𝛿) −

1

2
𝜔0. 

By the same property, we have 

𝑜𝑟𝑑𝑝(�̂� + �̂�0) ≥ 𝑜𝑟𝑑𝑝�̂� + 𝜀3 

𝑜𝑟𝑑𝑝(�̂� + �̂�0) ≥ 𝑜𝑟𝑑𝑝�̂� + 𝜀4 

for some 𝜀3, 𝜀4 ≥ 0. Thus, we will obtain 

𝑜𝑟𝑑𝑝�̂� ≥
1

6
(𝛼 − 34𝛿) − 𝜀3 −

1

2
𝜔0, 

𝑜𝑟𝑑𝑝�̂� ≥
1

6
(𝛼 − 22𝛿) − 𝜀4 −

1

2
𝜔0. 

We let  = �̂� + �̂�0 and  = �̂� + �̂�0 , then 

𝑜𝑟𝑑𝑝( − �̂�0) ≥
1

6
(𝛼 − 34𝛿) − 𝜀3 −

1

2
𝜔0, 

𝑜𝑟𝑑𝑝( − �̂�0) ≥
1

6
(𝛼 − 22𝛿) − 𝜀4 −

1

2
𝜔0. 

By back substitution, we have  

𝑔(,) = 𝑓𝑥(,) = 0 and ℎ(,) = 𝑓𝑦(,) = 0.  

 

III. ESTIMATION OF CARDINALITY 

𝑵(𝒇𝒙, 𝒇𝒚; 𝒑𝜶) 

 

From Loxton & Smith (1982), we can get the 𝑁(𝑓𝑥 , 𝑓𝑦; 𝑝𝛼) 

from the 𝑝-adic size of  𝑜𝑟𝑑𝑝(𝑥 − 
𝑖
) and  𝑜𝑟𝑑𝑝(𝑦 − 

𝑖
) by 

the following theorem. 

Theorem 3  Let 𝑝 be a prime and 𝑔(𝑥, 𝑦) and ℎ(𝑥, 𝑦) are 

polynomials in 𝑄𝑝[𝑥, 𝑦]. Let 𝛼 > 0, (
𝑖
,

𝑖
), 𝑖 ≥ 0 be common 

zeros of 𝑔 and ℎ, and 𝛾𝑖(𝛼) = inf𝑥∈𝐻(𝛼){ 𝑜𝑟𝑑𝑝(𝑥 −


𝑖
),  𝑜𝑟𝑑𝑝(𝑦 − 

𝑖
)} where 𝐻(𝛼) = ⋃ 𝐻𝑖(𝛼)𝑖 . If 𝛼 > 𝛾𝑖(𝛼), then 

𝑁(𝑔, ℎ; 𝑝𝛼) ≤ ∑ 𝑝2(𝛼−𝛾𝑖(𝛼))
𝑖 . 

Next, we can prove the following theorem. 

Theorem 4 Let 𝑓(𝑥, 𝑦) = 𝑎𝑥7 + 𝑏𝑥6𝑦 + 𝑐𝑥5𝑦2 + 𝑑𝑥4𝑦3 +

𝑒𝑥3𝑦4 + 𝑘𝑥2𝑦5 + 𝑚𝑥𝑦6 + 𝑛𝑦7 + 𝑟𝑥 + 𝑠𝑦 + 𝑡 be a polynomial 

in 𝑍𝑝[𝑥, 𝑦] with 𝑝 > 7 is a prime. Let 𝛼 > 0, 𝛿 =

max{𝑜𝑟𝑑𝑝𝑎,  𝑜𝑟𝑑𝑝𝑏,  𝑜𝑟𝑑𝑝𝑐, 
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𝑜𝑟𝑑𝑝𝑑, 𝑜𝑟𝑑𝑝𝑒, 𝑜𝑟𝑑𝑝𝑘, 𝑜𝑟𝑑𝑝𝑚, 𝑜𝑟𝑑𝑝𝑛}, then 

𝑁(𝑓𝑥 , 𝑓𝑦; 𝑝𝛼) ≤ {
𝑝2𝛼                        𝑖𝑓 𝛼 ≤ 𝛿

36𝑝68𝛿+12𝑞         𝑖𝑓 𝛼 > 𝛿
 

where 𝑞 = max {𝜀1 ,  𝜀3 +
1

2
𝜔0}. 

Proof. If 𝛼 ≤ 𝛿, then 𝑁(𝑓𝑥 , 𝑓𝑦; 𝑝𝛼) ≤ 𝑝2𝛼 since 𝛾𝑖(𝛼) = 0. If 

𝛼 > 𝛿, from Theorem 3, we have 

𝑜𝑟𝑑𝑝( − 𝑥0) ≥
1

6
(𝛼 − 34𝛿) − 𝑞 

where 𝑞 = max {𝜀1 ,  𝜀3 +
1

2
𝜔0}. We obtain 

𝛼 − 6𝛾𝑖(𝛼) ≤ 34𝛿 + 6𝑞. 

From Bezout's Theorem, the product of the degrees of 𝑓𝑥 

and 𝑓𝑦 is the maximum number of the common zeros. 

Therefore, 

𝑁(𝑓𝑥 , 𝑓𝑦; 𝑝𝛼) ≤ 36𝑝68𝛿+12𝑞  

for  𝛼 > 𝛿 and 𝑞 = max {𝜀1 ,  𝜀3 +
1

2
𝜔0}.                  

 

IV. ESTIMATION OF EXPONENTIAL 

SUMS 𝑺(𝒇; 𝑝𝛼) 

 

The exponential sums can be estimated by using the 

theorems in Mohd. Atan (1984). 

Theorem 5 Let 𝑝 be a prime and 𝑓(𝑥, 𝑦)  be a polynomial 

in 𝑍𝑝[𝑥, 𝑦]. For 𝛼 > 1, 𝜃 =
𝛼

2
, let 

𝑆(𝑓; 𝑝𝛼) = ∑ 𝑒
2𝜋𝑖𝑓(𝑥,𝑦)

𝑝𝛼

𝑥,𝑦 mod 𝑝

. 

Then,        |𝑆(𝑓; 𝑝𝛼)| ≤ 𝑝2(𝛼−𝜃)𝑁𝑓𝑥𝑓𝑦
(𝑝𝜃). 

If 𝛼 is odd, then we use the next theorem. 

Theorem 6 Let 𝑝 be a prime and 𝑓(𝑥, 𝑦) be a polynomial in 

𝑍𝑝[𝑥, 𝑦].  Let 𝛼 = 2𝛽 + 1, where 𝛽 ≥ 1 and 

𝑆(𝑓; 𝑝𝛼) = ∑ 𝑒
2𝜋𝑖𝑓(𝑥,𝑦)

𝑝𝛼

𝑥,𝑦 mod 𝑝

, 

then           |𝑆(𝑓; 𝑝𝛼)| ≤ 𝑝2𝛽+2𝑁𝑓𝑥𝑓𝑦
(𝑝𝛽). 

By using the above two theorems, we have the 

following result. 

Theorem 7  Let  𝑓(𝑥, 𝑦) = 𝑎𝑥7 + 𝑏𝑥6𝑦 + 𝑐𝑥5𝑦2 + 𝑑𝑥4𝑦3 +

𝑒𝑥3𝑦4 + 𝑘𝑥2𝑦5 + 𝑚𝑥𝑦6 + 𝑛𝑦7 + 𝑟𝑥 + 𝑠𝑦 + 𝑡 be a polynomial 

in 𝑍𝑝[𝑥, 𝑦]. Suppose 𝑝 > 7 is a prime and 𝛼 > 1.  Let  𝛿 =

max{𝑜𝑟𝑑𝑝𝑎,  𝑜𝑟𝑑𝑝𝑏, 

𝑜𝑟𝑑𝑝𝑐, 𝑜𝑟𝑑𝑝𝑑, 𝑜𝑟𝑑𝑝𝑒, 𝑜𝑟𝑑𝑝𝑘, 𝑜𝑟𝑑𝑝𝑚, 𝑜𝑟𝑑𝑝𝑛}, then 

|𝑆(𝑓; 𝑝𝛼)| ≤ min{𝑝2𝛼 , 36𝑝𝛼+1+68𝛿+12𝑞} 

where 𝑞 = max {𝜀1 ,  𝜀3 +
1

2
𝜔0}. 

Proof. From Theorem 4, we have 

𝑁(𝑓𝑥 , 𝑓𝑦; 𝑝𝛼) ≤ min{𝑝2𝛼 , 36𝑝68𝛿+12𝑞} 

where 𝜃 =
𝛼

2
 and  𝑞 = max {𝜀1 ,  𝜀3 +

1

2
𝜔0}. 

Suppose 𝛼 is even. If 𝛼 > 1 and 𝛼 = 2𝜃. By using Theorem 5, 

we have 

|𝑆(𝑓; 𝑝𝛼)| ≤ min{𝑝2𝛼 , 36𝑝𝛼+68𝛿+12𝑞}. 

Suppose 𝛼 is odd. If 𝛼 > 1 and 𝛼 = 2𝛽 + 1. By using 

Theorem 6, we have 

|𝑆(𝑓; 𝑝𝛼)| ≤ min{𝑝2𝛼 , 36𝑝𝛼+1+68𝛿+12𝑞}.         

 

V. CONCLUSION 

 

The exponential sums of the seventh-degree polynomial 

with two variables in the form 

𝑓(𝑥, 𝑦) = 𝑎𝑥7 + 𝑏𝑥6𝑦 + 𝑐𝑥5𝑦2 + 𝑑𝑥4𝑦3 + 𝑒𝑥3𝑦4 

                    +𝑘𝑥2𝑦5 + 𝑚𝑥𝑦6 + 𝑛𝑦7 + 𝑟𝑥 + 𝑠𝑦 + 𝑡  

in 𝑍𝑝[𝑥, 𝑦] is given by 

|𝑆(𝑓; 𝑝𝛼)| ≤ min{𝑝2𝛼 , 36𝑝𝛼+1+68𝛿+12𝑞} 

where 𝑝, 𝑞, 𝛼 and 𝛿 are defined in Theorem 7. 
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